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Résumé

Cette thése porte sur l'analyse mathématique de systémes de fermions dans la limite ou le
nombre de particules tend vers I'infini. L’étude de ce genre de systémes nécessite de calculer
les énergies et densités des états physiques. Ce probléme est extrémement difficile & résoudre
méme numériquement en raison des interactions et des corrélations entre les particules. En effet
avec un grand nombre de particules I'espace de Hilbert représentant 1’espace des états possibles
du systéme est immense. Cependant, I'objectif général est d’obtenir des théories effectives ot
I'énergie ne dépend que de la densité de particules (théorie fonctionnelle de la densité). Dans le
cadre de la thése, nous nous intéressons plus précisément a des fermions sans spin confinés dans
un espace a deux dimensions soumis a un fort champ magnétique transverse et homogéne. C’est
a dire que 'amplitude du champ magnétique tend vers I'infini en méme temps que le nombre de
particules. Ce contexte physique est motivé par 'effet Hall quantique. Les principaux outils
proviennent de ’analyse semi-classique mais aussi plus généralement de la théorie spectrale et
de I'analyse fonctionnelle.

Aprés un premier chapitre introductif situant les résultats principaux par rapport a la
bibliographie, le deuxiéme chapitre de la thése reprend le contenu de la prépublication “Multiple
Landau level filling for a mean field limit of 2D fermions”. Dans ce travail, nous étudions la
limite de champ moyen, couplée a une limite semi-classique et fort champ magnétique, pour
I’état fondamental du systéme de fermions. En physique classique, les particules chargées
soumises a un champ magnétique transverse et homogéne décrivent des orbites. En mécanique
quantique, I'énergie cinétique est quantifiée en niveaux d’énergie discrets appelés niveaux de
Landau, séparés par un gap constant. Les résultats principaux de cet article étendent des
travaux de Lieb-Solovej-Yngvason et Fournais-Madsen en considérant un régime ou le gap entre
niveaux de Landau est I’échelle dominante d’énergie par rapport aux interactions. De plus, les
particules sont placées dans un domaine borné, permettant a la dégénérescence des niveaux de
Landau d’étre finie. Nous obtenons ainsi un modéle limite ot un nombre arbitraire de niveaux
de Landau sont remplis. Les travaux existants, utilisant un confinement par un potentiel de
piégeage, ne peuvent décrire cette situation. Nous discutons aussi de la physique du modele
limite dans le dernier niveau de Landau partiellement rempli.

Le dernier chapitre présente un résultat sur la dynamique dans le méme contexte que le
chapitre précédent. Notre point de départ est ’équation de Hartree pour la premiére matrice
densité. Il est bien connu que cette équation peut étre obtenue par une approximation de
champ moyen de la dynamique de Schrodinger & N corps pour des fermions en interaction. Nous
étudions une limite fort champ magnétique, couplée avec une limite semi-classique et prouvons
que la densité converge vers une solution d’une équation de transport gyro-cinétique. Dans
un cadre de mécanique classique, des travaux de Golse-St-Raymond obtiennent des résultats
similaires avec comme point de départ I’équation de Vlasov. Plus récemment un travail dans
la limite semi-classique de Ben Porat traite le cas ou le gap entre niveaux de Landau est tres
petit devant les interactions. La nouveauté principale de notre résultat est de considérer le
régime quantique au départ ou le gap entre niveaux de Landau est du méme ordre de grandeur
que ’énergie d’interaction. La preuve consiste a construire une densité semi-classique dont
I’évolution en temps est obtenue puis comparée a 1’équation cible.



Abstract

This thesis is about the mathematical analysis of fermionic systems in the large number of
particles limit. The study of this kind of systems requires computing the energies and densities
of the physical states. This problem is extremely difficult to solve, even numerically, due to the
interactions and correlations between particles. Indeed, with a large number of particles, the
Hilbert space representing the space of possible states of the system is very large. However,
the general goal is to obtain effective theories where the energy only depends on the particle
density (density functional theory). More precisely, we consider spinless fermions confined in a
two-dimensional space subjected to a strong transverse and homogeneous magnetic field. That
is to say the amplitude of the magnetic field goes to infinity simultaneously with the number
of particles. This physical context is motivated by the quantum Hall effect. The main tools
come from semi-classical analysis but also more generally from spectral theory and functional
analysis.

After a first introductory chapter contextualising the main results in the bibliography, the
second chapter is based on the content of the pre-publication “Multiple Landau level filling
for a mean field limit of 2D fermions”. In this work, we study the mean field limit, coupled
with a semi-classical and strong magnetic field limit, of the fermionic system’s ground state.
In classical physics, charged particles subjected to a transverse and homogeneous magnetic
field describe orbits. In quantum mechanics, kinetic energy is quantized into discrete energy
levels called Landau levels, separated by a constant gap. The main results of this paper extend
work by Lieb-Solovej-Yngvason and Fournais-Madsen by considering a regime where the gap
between Landau levels is the dominant energy scale compared to the interactions. Moreover,
the particles are placed in a bounded domain, allowing the degeneracy of the Landau levels to
be finite. We thus obtain a limit model where an arbitrary number of Landau levels are filled.
Existing works, using confinement by a trapping potential, cannot describe this situation. We
also discuss the physics of the limit model in the last partially filled Landau level.

The last chapter presents a result on the dynamics in the same context as the previous
chapter. Our starting point is the Hartree equation for the first density matrix. It is well known
that this equation can be obtained by a mean-field approximation of the many-body Schrodinger
dynamics for interacting fermions. We study a strong magnetic field limit, coupled with a
semi-classical limit and prove that the density converges to a solution of a gyrokinetic transport
equation. In a classical mechanics framework, Golse-St Raymond obtained similar results with
the Vlasov equation as starting point. More recently, a work of Ben Porat in the semi-classical
limit deals with the case where the gap between Landau levels is very small compared to the
interactions. The main novelty of our result is to consider a quantum regime where the gap
between Landau levels is of the same order as the interaction energy. The proof consists in
constructing a semi-classical density for which the dynamic is obtained and then compared to
the target equation.
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I.1 Physique quantique a N corps

1.1.1 Contexte

Le probléme a N corps quantique correspond a 1’étude d’un systéme de N particules en
interaction régies par les lois de la mécanique quantique. On s’intéresse typiquement aux
énergies possibles, aux densités et a la dynamique du systéeme. En mécanique quantique, une
particule placée dans un domaine € est décrite par un vecteur de I'espace de Hilbert L?(€2,C).
Un systéme de N particules est quant a lui décrit par un élément de

L*(Q,0)®" =~ L*(QV,C)

L’énergie d’un systéme quantique est décrite par un opérateur auto-adjoint agissant sur I’espace
de Hilbert des états, appelé Hamiltonien, noté H. Lorsque ’on mesure ’énergie d’un systéme
quantique, le résultat est une valeur propre de I’'Hamiltonien, puis, 1’état se retrouve projeté
sur le sous espace propre associé. Etant donné un état physique v, la densité de particules
correspond au module carré de cet état, elle est ainsi intégrable. La dynamique est quant a elle
régie par I’équation de Schrodinger

h est la constante de Planck réduite, elle définit 1’échelle des phénoménes quantiques. Dans un
systéme d’unités pour lequel la masse des particules est choisie égale a 1/2, I'Hamiltonien d’un
systéme de /N particules sans spin prend la forme :

Hy = Z (—=R*A; + V(z;)) + Zw(% — x;) (I.1.1)

1<j

L’opérateur —A correspond a ’énergie cinétique du systéme. V' : ) — R est le potentiel extérieur
auquel sont soumises les particules. w représente le potentiel d’interaction entre une paire de
particules. Les potentiels agissent multiplicativement sur les états physiques. Les notations
A;, V (x;) signifient que ces opérateurs n’agissent que sur la ™ particule, autrement dit sur
la 7™ coordonnée de L*(QV,C). w(x; — x;) agit quant a lui sur la paire de particules (4, j),
c’est-a-dire sur la i et la 7™ coordonnée de L2(QYV,C). L'Hamiltonien & N corps comprend
alors la somme des énergies cinétique et potentielle de chaque particule ainsi que la somme des
interactions entre chaque paire de particules.

Dans un état physique a N corps 1y € L*(QV,C), les densités des particules sont corrélées
si ¢y n’est pas factorisable sous la forme

Uy = u®, avec u e L*(Q,C)

La résolution du probléme quantique a N corps, c¢’est-a-dire la diagonalisation de I’'Hamiltonien a
N corps est en général particuliérement difficile & cause des interactions et des corrélations entre
les particules. Méme numériquement, 1’étude de ce probléme devient vite impossible pour de
grandes valeurs de N car ’espace de Hilbert des états devient immense. Le nombre d’électrons
dans les systémes physiques est typiquement de ordre de 10'° électrons par mm? d’apres [20].
Comprendre comment les particules interagissent, se distribuent dans I’espace et évoluent dans
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le temps dans un systéme a /N corps est essentiel pour de nombreux domaines de la physique,
tels que la physique des particules, la chimie quantique et ’étude des matériaux quantiques.
Dans un premier temps, on peut s’intéresser a la valeur propre la plus basse (I'énergie de 1'état
fondamental) qui est I’énergie du systéme sans excitation (& température nulle). Du coté des
mathématiques, I'objectif général est ’obtention de théories efficaces ot I'énergie ne dépend
que de la densité physique des particules. La densité de I’état fondamental est ainsi donnée
par le minimiseur et 1’énergie fondamentale par le minimum de la fonctionnelle. Une telle
théorie est appelée une théorie fonctionnelle de la densité. La minimisation de ’énergie se
fait donc sur un espace fonctionnel des densités, plus simple que l'espace de Hilbert de départ.
Cela vient cependant aux dépens d’une non-linéarité dans le terme d’interaction. Le modéle le
plus simple de ce type est le modéle de Thomas Fermi (voir Subsection 1.2.1). Les résultats
mathématiques sur les théories fonctionnelles de la densité sont connus pour étre utiles dans les
méthodes numériques pour I’étalonnage des parameétres libres. Les théories fonctionnelles de la
densité sont les principaux outils pour les calculs numériques quantiques, par exemple en chimie
quantique ou l'on veut calculer la densité électronique dans les systémes moléculaires.

Par exemple, la théorie d’'Hartree-Fock, qui sera détaillée en Subsection 11.6.1, fait ’hypothése
de champ moyen. Cela revient a supposer que les particules ne sont pas corrélées, c’est-a-
dire que chaque particule ne voit que le potentiel moyen généré par les autres particules.
Mathématiquement, cette hypothése revient a supposer que les densités des particules sont
indépendantes. Ainsi, une expression de I’énergie qui ne dépend que de la densité peut étre
obtenue. Certaines théories fonctionnelles de la densité ajoutent des termes pour prendre en
compte les corrélations améliorant ainsi la théorie d’Hartree-Fock. Cela est possible grace a
différentes approximations dont la plus simple est 'approximation de densité locale. Cette
approximation suppose que le terme d’échange-corrélation dans la fonctionnelle est localement
égal a celui pouvant étre obtenu analytiquement pour un gaz homogene d’électrons.

Mathématiquement, il est intéressant d’apporter une justification rigoureuse a ce genre
d’approximations en montrant I’égalité du résultat apporté par les modéles approchés avec celui
fourni par I’état fondamental de I’'Hamiltonien quand N — oo au vu du nombre de particules
dans les systémes physiques concernés.

1.1.2 Fermions

Les particules physiques étant indiscernables, la densité physique de particules doit étre invariante
par permutation des coordonnées. Il y a deux maniéres canoniques d’imposer cette symétrie
sur L2(Q2V,C) permettant de modéliser des bosons ou des fermions. En effet, une fonction
symétrique ou antisymétrique sous I’échange de deux coordonnées est respectivement appelée
bosonique ou fermionique.

— Notation I.1.1

On note H = L?*(2) I'espace des états modélisant une particule. On utilisera la notation
bra-ket, aussi appelée formalisme de Dirac. Un vecteur ¢ € H sera aussi noté |¢), et son
dual, c’est-a-dire la projection sur v, (¢|. Le produit scalaire sur H sera quant a lui noté

(o]e).
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On considére l'action du groupe symétrique Sy sur H®V, définie par

Sy x H®N — HeY
N N
o,ui= Qi U > Ust = Q)L Us1(5)

On définit alors I'espace de Hilbert symétrique/antisymétrique & N corps comme

ou
e+(0) = (il)\{i<j|0(i)>0(j)}\
Dans la suite on utilise la convention suivante pour les listes :

3 TN = (T1,...,2TN)

Avec cette convention,

u(r1:v) Hu(,—l(z ) Huz To()) = W(Tog)s - - - To(N))

donc
H®N = {yn € H®|Vo € S, UN(To@), - - - Tov)) = €x(0)n(z1:n)} (1.1.2)

Si ¢y € H®N a une densité invariante par permutation des coordonnées, o - [¢n|* = [¢hn|” et
donc o - ¢ et ¥y ne différent que d’une phase :

Yoy € OV, 0 - ¢y (z1.y) = V=N (21.y)

Maintenant, en supposant l'invariance par translation du systéme, c’est-a-dire en supposant que
la phase est la méme apres translation de ¥y,

Uy - Yn(z1n + y1v) = €i¢N(U;w1‘N)¢N($1;N + Yy1.N)

alors la phase est constante. Physiquement, I’échange de deux particules ne dépend pas de
I'origine spatiale choisie. De plus,

MO"T = Z/{UUT
implique que U, est unitaire d’inverse U,-1 et que

N (o7) _ idn (o) idn(T)

Cela revient a dire que la phase ¢y est une représentation scalaire, donc unitaire, du groupe
symétrique. Or, il existe seulement deux représentations scalaires irréductibles du groupe
symétrique, données par le morphisme de signature et 1'identité.

12



L’antisymétrie encode le principe de Pauli : on ne peut pas mettre deux particules dans le
méme état. En effet si ¢, x € H,

b=x = PAX=9®Xx-—x®Y=0

Il s’agit en fait d’'un argument par ’absurde. Si 'on a un état antisymétrique a deux corps
avec deux particules dans le méme état, la densité a deux corps est nulle, donc il n’y a pas de
particules, ce qui est absurde car I’état doit étre normalisé. La classe de particules décrites par
des états antisymétriques est appelée fermions, la classe de particules décrites par des états
symétriques est appelée bosons.

Afin de mettre en perspective cet argument, rappelons que la classification de particules
obtenue différe si 'on essaye d’imposer la symétrie de permutation avant la quantification.
En partant de I’espace de configuration classique pour N particules QY. puis en imposant la
symétrie en identifiant les orbites sous I'action du groupe symétrique, un échange de particules
est alors une boucle dans cet espace topologique. Comprendre les maniéres possibles d’échanger
des particules revient alors a calculer son groupe fondamental. En dimension d > 3, ce groupe
fondamental est & nouveau Sy, ainsi la quantification (recherche de représentations scalaires
irréductibles) donne des bosons et des fermions. Mais en dimension d = 2, le groupe fondamental
obtenu est le groupe des tresses By qui a une structure plus riche et donne lieu a une autre
classe de particules appelée anyons. Lors de la transposition de deux particules anyoniques,
leur fonction d’onde change d’une phase €™, avec 0 < o < 1. Il s’agit en quelque sorte d’une
interpolation entre les bosons et les fermions. Les anyons semblent apparaitre comme des
quasi-particules dans l'effet Hall quantique [17].

On définit une projection conique sur l'espace des tenseurs symétriques/antisymétriques
H®N

— Proposition 1.1.2: Projection sur les espaces bosonique/fermionique

Soit

e = N|Z€+

O'ESN

est une projection orthogonale de H®N vers H®+N.  Définissons le produit tensoriel
symétrique/antisymétrique

® Z (U)ug(i) = N!’Pt ® U;

oeSN =1

Soit ui.y € H, si uy.y est liée, leur produit antisymétrique est nul et si uy.y est une famille
orthogonale,

WO -

T
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— Proof:
En utilisant €4 (0)es (1) = €4 (07) et U, = Uy,

Pi = NE Z e+(0T)Uyr = Py
o,TESN
aprés le changement de variable o := o7. Donc P+ est une projection orthogonale sur

Rg (P+), et avec le méme changement de variable,

Donc Rg (P+) € H®+N. Pour l'autre inclusion,

P+|H®+N = N' Z 5+ \H®+N = N' 2 E-i- =1

O'GSN O'ESN

Soit x, 1 € H®V, avec le changement de variables o == 071,

(IPs) = 7 3 ex(0) (xUott) = 77 2 €2(0) Us-ixl8) = (Pexle)
O’GSN O’GSN
Si u; = uy, for j # k, avec le changement de variables o = 7; 0,
N
® Uy = @ U, () = Z e_(a)umka(i) = Z €—(Tj k0)Uo(s) ® U;
i=1 oESN geSN

donc si uy.y est liée, le produit antisymétrique est nul et si u;.xy est orthonormale, on peut
calculer la norme

<®+ui ®+ui>= > eslor <®ug )@u,(¢)>= > ei(aT)HWU(Z')]uT(i))

1=1 =1 o,TeESN o,TeSN
= Z e+(oT) H Oo(i)r(i) = Z €+(07)dor = Z €+ (02) = N!
4 o,TESN p=1l o,TESN o

I.1.3 Régime de champ moyen et limite semi-classique

Etudier un systéme quantique de N fermions revient donc & diagonaliser ’'Hamiltonien (I.1.1)
agissant sur I'espace H®-Y défini en (1.1.2). Mais, pour avoir une limite intéressante quand
N — o0, il est nécessaire de s’assurer du fait que toutes les contributions dans 1’énergie soient
du méme ordre de grandeur. Pour cela, remarquons que le nombre de termes d’interaction est
de Pordre O(N?). En divisant le terme d’interaction par un facteur N on obtient I'Hamiltonien
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dans le scaling de champ moyen

Hy = Z (1?0 + V(z;)) + %Zw(wl — i) (I.1.3)

1<j

Ainsi, les termes d’interaction et de potentiel extérieur sont tous les deux d’ordre NV. Il reste a
imposer la méme chose pour le terme d’énergie cinétique. Dans le cas de bosons, pour ’état
fondamental, ce terme est d’ordre IV car toutes les particules peuvent minimiser leur énergie
cinétique en se placant dans le méme état. A cause du principe de Pauli, la situation est
radicalement différente dans le cas des fermions. Toutes les particules ne pouvant pas minimiser
leur énergie cinétique simultanément, l'ordre de grandeur de cette derniére se trouve étre plus
élevé que dans le cas bosonique. L’outil permettant de déterminer cet ordre de grandeur est
I'inégalité de Lieb-Thirring.

Pour énoncer cette inégalité il faut introduire la notation de matrice densité. Dans la limite
N — o0, le nombre de variables des fonctions de L?(RY)®-" diverge. Pour espérer obtenir des
résultats de convergence, il est nécessaire de s’intéresser aux densités réduites qui appartiennent
a un espace avec un nombre fini de variables.

— Notation 1.1.3: Matrices densités

On note L' 'espace des opérateurs a trace. Une matrice densité & N corps est un élément
v € L1 (H®+N) positif de trace 1.

Soit Tr; la trace partielle qui prend la trace sur les coordonnées dans I < [1, N] de H®V,
définie par

Q) A;

iel i¢l

N
VALN S ,Cl (H)N : Tr; [@ Az] = Tr [@ A,L
=1

puis étendue par linéarité sur £' (H)®". On associe a vy la k' matrice densité réduite

ry](\’;) = Trk+1:N [/}/N]

On associe a une matrice densité v une densité
py(z) = (z, 7)

Ici, tout comme dans la suite, ’abus de notation consistant & noter de la méme facon un
opérateur et son noyau intégral est utilisé.
P est appelée k'°™¢ densité réduite.

N

Dans le cas d'une projection

v = [¥n) (Wn|, avec Yy € L2 (H®iN)

on retrouve bien

2
Pyn = ’wN’
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De plus, si on identifie les opérateurs avec leurs noyaux intégraux, la k'™ matrice densité

réduite peut s’exprimer comme

) — . 7
TN (ﬂﬂlzk,ym) = 7N(£E1:k,93k+1:N,yl:k,-’BkH:N) Tk+1:N
Q(N—k)

Remarquons aussi qu’avec ces notations si x*) désigne la k'*™® marginale de y, on a

Pop) = P

— Notation 1.1.4: Convention pour les constantes

Tout au long du texte, on utilisera la notation C' pour les constantes. C’est-a-dire qu’avec
une famille de parameétres ()\;); et deux fonctions positives f, g la relation

sera notée

P S0, (Ni)i) < C((M)i) g(e, (Ni)s)

Nous sommes maintenant préts pour ’énoncé de 1'inégalité de Lieb-Thirring.

— Theorem 1.1.5: Inégalité de Lieb-Thirring

Soit 1y € L2(RD®N et vy == |1hn) (W],

(o

Le livre [13, theorem 4.3| fournit une preuve de cette inégalité. La principale étape de cette
preuve est 'obtention d’une borne inférieure pour la somme des valeurs propres négatives de
I’Hamiltonien & un corps. Cette inégalité permet d’utiliser le controéle sur ’énergie cinétique pour
montrer que la premiére densité réduite n’est pas juste intégrable mais dans L*3. Une inégalité
de ce genre sera démontrée dans le second chapitre en Section I1.4 et adaptée au contexte du
chapitre, c’est-a-dire avec un champ magnétique sur un domaine borné.

N

Z<_Ai>wN> > CN'*a f (o) (L1.4)

n=ll

Rd

L’inégalité de Lieb-Thirring donne donc une borne inférieure pour l'ordre de grandeur du
terme d’énergie cinétique dans (I.1.3). De plus, pour des électrons sans interaction : w = 0,
confinés dans une boite : V' = 0 dans [0, L]? et V = oo en dehors, un calcul explicite de 1’énergie
fondamentale peut étre réalisé. En effet, les vecteurs propres de I'énergie cinétique sont de la
forme

d
X sin(mk;e)
i=1

oll k1.4 est un vecteur d’onde dans le réseau réciproque de la maille [0, L]¢ :
1

kl:d (S sz (115>
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En sommant les N plus petites valeurs propres 72 \klzdlz de ’énergie cinétique, on obtient

O (N”%)

comme ordre de grandeur. Pour ramener le terme d’énergie cinétique au méme ordre que les
contributions du potentiel extérieur et des interactions et dans (I.1.3) on prend un régime ou la
constante de Planck réduite est petite. Explicitement

hi= N1 (1.1.6)

ainsi par (1.1.4),

(o

Ce régime est dit semi-classique car dans la limite 7 — 0 un systéme quantique converge vers son
équivalent en mécanique classique. Le régime de champ moyen est alors naturellement couplé a
une limite semi-classique. Il est connu, voir [21], que I’énergie fondamentale de I'Hamiltonien a
N corps converge alors vers le minimum de la fonctionelle de Thomas-Fermi :

E0r(p) = 5 Crr [ plo) i+ f paV()+5 || plaptv)ue - y)dady

Rd Rded

i( R2ANY > ONf

i=1

avec comme constante

d \ia

Ici, I’énergie cinétique est donnée par la méme puissance de p dans dans l'inégalité de Lieb-
Thirring. Cette intégrale peut étre obtenue en regardant la limite de la somme des N plus
petites valeurs propres h°k? de I’énergie cinétique pour k dans le réseau réciproque (I1.1.5).

Le modéle d’'un atome neutre est un exemple de systéme physique respectant le régime
champ moyen /semi-classique. Il prend en compte un noyau chargé positivement de charge
Z = N ou N est le numéro atomique de 'atome. Les fermions sont ici N électrons de charge
—1 interagissant entre eux avec un potentiel coulombien, placés dans un potentiel coulombien
créé par le noyau. L’Hamiltonien est alors :

il -3 BN I > ! (LL.7)
. 1 BE] < |5 — i ”

En dimension d = 2,

Hy < 132 1 1 1
Foa O ey 2 p aL8

1<i<j<N

A un coefficient multiplicatif prés, 'Hamiltonien de la forme (I.1.3) avec (I.1.6).
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1.1.4 Effet Hall quantique

L’effet Hall est un phénoméne qui se produit dans certains matériaux conducteurs lorsqu’ils sont
soumis & un champ magnétique transverse au matériau. Si ’on impose un courant électrique I a
travers le matériau, 'effet Hall se manifeste par I’apparition d’une tension électrique transversale
au courant dans le matériau, appelée tension de Hall, notée V. Elle est due a la déviation des
porteurs de charge, électrons ou trous, par la force magnétique. La conductance de Hall est alors

1
OHall = Va
Pour des systémes classiques cette conductance est simplement proportionelle a 'amplitude du
champ magnétique. Le phénoméne peut alors s’expliquer par le fait que des particules chargées
soumises a un champ magnétique transverse décrivent des orbites, appelés orbites cyclotron. En
mécanique quantique 1’énergie cinétique d’une particule dans un champ magnétique transverse
et homogéne est quantifiée en niveau d’énergie discrets, séparés par un gap constant, nommeés
niveaux de Landau. Pour des systémes aux échelles de la mécanique quantique, la conductance
de Hall se retrouve quantifiée en multiples du quantum de conductance:

62

OHall = Vﬁ

ol e est la charge élémentaire, v est appelé facteur de remplissage et correspond aux nombre
de niveaux de Landau remplis dans le systéme. v peut prendre des valeurs entiéres mais aussi
certaines valeurs fractionnaires. L’effet Hall fractionnaire est dii aux interactions entre particules
[22]. La quantification de la conductivité de Hall a la propriété d’étre extrémement précise lors
de mesures expérimentales. Ainsi l'effet Hall quantique trouve des applications en métrologie.

Le gap entre niveaux de Landau étant proportionnel a l'intensité du champ magnétique,
le nombre de niveaux remplis dépend de I'intensité du champ magnétique. Lorsque le champ
magnétique est trés fort, le gap entre le plus bas niveau de Landau et le niveau suivant est tres
grand, ainsi toutes les particules se retrouvent dans le plus bas niveau afin de minimiser leur
énergie cinétique. Dans cette thése, les champ magnétiques seront d’une intensité permettant
un mixage entre niveaux de Landau dans le but de fournir un contexte mathématique dans
lequel le facteur de remplissage peut prendre des valeurs entiéres et fractionnaires. Cependant
I’effet Hall fractionnaire reste hors de la portée des résultats présentés dans ce manuscrit car ce
phénomeéne apparait au dela des limites de champ moyen et semi-classiques qui sont ici étudiées.
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1.2 Statique

I.2.1 Un théoréme de Lieb, Solojev et Yngvason

On considére un systéme de N fermions sans spin dans un espace & deux dimensions. On se
donne maintenant un champ magnétique uniforme d’intensité b, transverse au domaine des
fermions. Pour un champ magnétique assez fort, les spins sont généralement considérés alignés
avec le champ magnétique et donc ne sont pas a prendre en compte. Ce probléme a initialement
été étudié par Lieb Solovej et Yngvason in [20], [27], [24], [25], [26] et plus récemment par
Fournais, Lewin and Madsen in [21], [44]. Dans ce qui suit, nous allons énoncer le résultat
principal de [26]. On se place en jauge symétrique :

A= 5 ()

Le potentiel vecteur A engendre le champ magnétique

—y 0
VAA=V Al 2z |=1[0
0 1

En présence d’'un champ magnétique, on remplace le Laplacien par le Laplacien magnétique,
(I.1.1) devient alors

N

Hy = 3 ((iRV; + bA(w:)? + V(w) + %Zwm )

=1 1<j
et agit sur L? (R2)®’N. On suppose que le potentiel extérieur est confinant

V(iz) —» o
|z|—00

et que le potentiel d’interaction est le potentiel Coulombien :

1

L’hypothése du potentiel confinant empéche les particules de s’échapper a l'infini. Concernant
leffet Hall quantique, les particules sont confinées dans des puits quantiques, par exemple gréace
a des semi-conducteurs. On définit la longueur magnétique

h
ly = A=
b b

En mécanique quantique la longueur magnétique est la distance sur laquelle les états propres de
I’énergie cinétique sont localisés. L’état fondamental et ’énergie fondamentale de I’'Hamiltonien
sont

YS = argmin{<wN|HN¢N> ¥y € L? (R2)®_N tel que [|¥n| ;2 = 1}
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Ejy = min (Y| Hnyy )

On définit maintenant les modéles limite, & commencer par le modéle électrostatique :

Euass(9) = f() oo+ 5 [[ X

R2><R2

EQss = min {Euqss(p) tel que pe L' (R*) ,p =0, ||pll;. = 1}

class =

Ce modéle est purement classique, le premier terme correspond a I’énergie potentielle et le second
a ’énergie d’interaction entre les particules. Ensuite, on considére le modéle de Thomas-Fermi :

Er(p) = | p(@)'do + )
R2
B = min {rx(p) tel que pe L' (R?) ,p > 0,1l = 1}

Finalement, on définit le modéle de Thomas-Fermi magnétique ot le terme d’énergie cinétique
est légérement modifié par rapport au modéle de Thomas-Fermi :

Ermni(p) = f )+ Bl

R2
Efpy = min {Erpy(p) tel que p e L' (R?) . p > 0, lpll 0 = 1}

avec j, € C°(R ) défini par
Js(0) =0
1 n n+1
(o) = 20b [+ = ) si
() ("+ 2) S omz <P 2

Dans ce contexte, I’énergie du niveau de Landau n € N est 2hb (n + %) Le gap entre deux
niveaux voisins est donc 2hb. Il est bien connu, [22] ou Subsection I1.1.4, que la dégénérescence
par unité d’aire & 'intérieur d’un niveau de Landau est d’ordre 1/(27l2). Ceci justifie la définition
de jy(p(z)) car les niveaux de Landau les plus bas sont remplis en priorité. Ainsi, pour x € R?
tel que

n _ ( ) _ n-+1
— T
272 p 2ml?

n niveaux de Landau sont remplis localement en x et rajouter une particule en x cotite une énergie
2hb (n + %), c’est-a-dire énergie d’'une particule dans le (n + 1)*™° niveau de Landau. Notons
aussi que la fonction 7, ainsi définie est une approximation de la fonction carré lorsque [, — oo.
Dans cette limite, le modéle de Thomas-Fermi magnétique se réduit a celui de Thomas-Fermi.

Le résultat de |26, Théorémes 1.2 et 1.3] est alors le suivant :
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— Theorem 1.2.1: Ground states of large quantum dots in magnetic fields (LSY’95)

Si Ve CpL® pour un 0 < a < 1. En notant py la premiére densité réduite de [¢%) (%],

uniformément en h et b,

PN % 0
W — Prpy U SENS des mesures
N—o0

. . 2
puis si [[ N — o0,

0
ﬁ — E°
N Neww TF

PN x 0
N N PTF 81 SEDs des mesures
N—0

et si ZN — 0,

[0}
EN (0]
N N:)oo Eclass
PN R

0
— Pelass AU Sens des mesures
N N-owo

En se placant dans un potentiel confinant, le systéme reste dans un volume borné. Ainsi,
tout dépend de la limite du ratio

1
272 1
N 27N

de la densité d’état dans un niveau de Landau divisé par le nombre de particules :

e Si 2N — 0, la densité d’état est suffisamment élevée pour permettre d’accueillir toutes les
particules dans le plus bas niveau de Landau. Comme le gap entre niveaux de Landau est
trés grand, il est impossible pour les particules d’étre excitées dans des niveaux supérieurs.
L’énergie cinétique du systéme a N corps est alors triviale : Nhb ot hb est I'énergie du
plus bas niveau de Landau. Et le modele converge alors vers un modéle électrostatique
décrit par E.qss-

e Si[2N — oo, tous les niveaux de Landau sont occupés, le gap entre niveaux est petit par
rapport au nombre de particules. Le modeéle limite, celui de Thomas-Fermi, est alors le
méme que l'on obtient en I'absence de champ magnétique.

e Si N = O(1), le nombre de niveau de Landau remplis varie en fonction de p(z). La
limite obtenue est le modéle de Thomas Fermi magnétique. Le facteur de remplissage au
point z étant donné par 27lp(x). Comme p est a priori non borné, dans ce régime, des
particules se retrouvent dans tous les niveaux de Landau. Le gap d’énergie est comparable
aux termes d’énergie potentielle et d’interaction, les particules optimisent a la fois leur
niveau de Landau et leur position dans les potentiels.
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1.2.2 Résultats

On souhaite traiter la situation intermédiaire par rapport a [26] ou seul un nombre fini de
niveaux de Landau sont complétement remplis. Précisément, notre résultat est une limite o les
¢ premiers niveaux Landau sont entiérement remplis, le niveau Landau suivant est partiellement
rempli avec un taux de remplissage r < 1 et tous les niveaux Landau supérieurs sont vides. Cette
configuration est physiquement motivée par l'effet Hall quantique qui se produit principalement
dans un niveau Landau partiellement rempli tandis que les niveaux Landau inférieurs sont
remplis et inertes, et les niveaux supérieurs sont vides, voir [22].

Dans cette perspective, on fixe le rapport entre le nombre de particules et la dégénérescence
des niveaux de Landau. Sur tout 'espace R? cette dégénérescence est infinie. Pour s’assurer de
la finitude de la dégénérescence des niveaux de Landau, on travaille sur un domaine borné. Pour
simplifier la situation, I'idéal serait de considérer des conditions aux bords périodiques. Mais, en
présence d’'un champ magnétique, les conditions aux bords périodiques doivent étre modifiées.
C’est un probléme bien connu, par exemple voir |22, Section 3.9]. On définit alors des opérateurs
de translation magnétique qui commutent avec le moment magnétique. Ces opérateurs de
translations magnétiques définissent les conditions aux bords périodiques magnétiques. La
conséquence de ce choix de domaine est qu’il faut adapter le formalisme semi-classique standard.

— Notation 1.2.2: Modele
On se place sur € = [0, L]? de taille L > 0. On travaille en jauge de Coulomb :
V-A=0

ou A € C”(R? R?) est le potentiel vecteur générant le champ magnétique transverse et
homogéne. Par exemple:

Agym = %(—y, x) (gauge symétrique)
Alan = (—y,0) (gauge de Landau)
Le Laplacien magnétique est
Zp = (1hV + bA)? (1.2.1)

En identifiant R? avec C on utilise une notation complexe pour le vecteur (z,y) € R,
c’est-a-dire

(x,y) =x+1iyeC
Soit 2y € C,
VAA—-A(e—2))=0
on peut donc choisir ., € C* (R* R) tel que
A= Ao — 20) = [}V,
Pour une fonction 1 € L*(€) les conditions magnétiques périodiques s’écrivent

V(L + it) = eriL+ithy(4t)

w(t —+ ZL) _ ei%L(t—i—z‘L)w(t) (1.2.2)

Vt e [0, L], {
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Et le domaine du Laplacien magnétique est
Dom (%) = {¢ € H*(Q) tel que (1.2.2) soit vérifie}

L’Hamiltonien a N-corps est

N

Ay = 3, (09, +bA())" + V() + N2_ [ 2wl

j=1 1<j<k<N

agissant sur L2(Q)®-". Le potentiel d’interaction est supposé radial pour la métrique sur le
tore :

w(x —y) = w(d(z,y)) avec d(z,y) = min |z —y + 7|
reLZ?
Le domaine de %y est
Dom () == Dom (%) "

et son énergie fondamentale

P EY = inf {(hn| 54N , ¥y € Dom () tel que l¥nllp2 = 1} (I.2.3)

Le fait que %, soit auto-adjoint et l'existence de ses vecteur propres avec conditions aux
bords magnétiques périodiques demande que le flux magnétique passant au travers du domaine,
bL?, soit quantifié :

L2
3d < N tel que 27d = éL2: -
h {;

Ici, d se retrouve étre la dégénérescence des niveaux de Landau. On peut donc fixer le nombre
de niveaux remplis en choisissant un régime ot N/d est fixé.

— Notation 1.2.3: Régime semi-classique

On choisit la constante de Planck i = (hy) oy telle que

N2 «h« N4 (1.2.4)

Soit g € N, € [0,1),b = (bx)nen tel que

LZ
d=—— c N*
27Tl§ <
et
N 1
— = — 1.2.5
% dN—»ooq—l_r_‘_O(hb) (1.2.5)

q donnera le nombre de niveaux Landau entiérement remplis et r le taux de remplissage du
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(q + 1) niveau de Landau. Avec cette notation,

N 272N P 1 b 2rN
d - L2 Now! 2~ hNSw(g+r)L?

Dans ce régime, 'ordre de grandeur du champ magnétique est b = O(hN). Donc l'ordre de
grandeur de I’énergie cinétique est

hb = O(R*N) » 1

La contribution de I’énergie cinétique doit étre de premier ordre par rapport aux termes potentiels
si I'on veut imposer le nombre de niveaux de Landau remplis :

h2N > 1

N N P _1 ana 0
d’ou la borne inférieure dans (1.2.4). La borne supérieure i « N~% est une condition technique
pour controler un terme d’erreur venant de I’énergie cinétique. La vitesse de convergence (1.2.5)
est imposée pour la méme raison.

On obtient un modéle semi-classique ot 1’énergie ne dépend plus de la fonction d’onde
mais de la densité dans l'espace des phases N x €). Cela signifie que les particules ont deux
degrés de liberté : le premier est n € N le nombre quantique représentant 1'indice de niveau de
Landau et x € ) représentant la position des particules dans ’espace. En mécanique classique,
x s’interpréte comme le centre de I'orbite cyclotron. Ce modéle est semi-classique dans le sens
ol le principe de Pauli est toujours valable comme borne sur la densité.

— Notation 1.2.4: Fonctionnelle semi-classique
On considére la mesure suivante sur I’espace des phases :

n = (Z 5n> ® Ag

neN

ou Ag est la mesure de Lebesgue sur 2. Pour une densité sur 1’espace des phases m €
L' (N x Q,R,), I'énergie semi-classique est

Esenn [m] = J E,m(n, R)dn(n, R) + J Vmdn + f wm®? dn®* (I.2.6)
NxQ NxQ (Nx)2

ou

E, = 2hb (n + %)

est I’énergie du niveau de Landau n. Le domaine de cette fonctionelle est

1
D, :={me L' (N x Q) tel que J mdn =1 and 0 <m < (q+ L2
Nx 2
0 .
| o= inf Ecnal
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On définit également le modéle électrostatique pour le niveau de Landau partiellement
rempli qui ne dépend que de la densité.

— Notation 1.2.5: Modéle électrostatique pour le niveau de Landau partiellement rempli

Eqrrlp] = pr + ” w(z —y)p(x)p(y)dzdy (L.2.7)

r 1
Dyrr = { pe L*(Q) tel = d0<p< ——= [.2.8
qLL P (€2) tel que JP q+ran P (q+r)L? ( )
Q
DyrLL
Soit les énergies
gor . L H 20+
q-+r
q
EI" = ][V
v q+r
Q

BT — q—2 + 2qr ][w
Y (g+T)?
QZ

et pPE DqLL7

1

my(n, T) = 1n<qm gl

m,, est une densité sur l'espace des phases construite avec les ¢ plus bas niveaux de Landau
maximisant la densité sous la contrainte du principe de Pauli dans (1.2.8) et une densité p dans
le niveau de Landau suivant, partiellement rempli. La proportion de particules dans le niveau
partiellement rempli est

r

q-+r

ce qui correspond & la constante de normalisation dans (I1.2.8). Notons que le principe de Pauli
est bien la borne correcte pour avoir
f mydn =1

N x

On démontrera dans la Proposition I1.6.1 que
Esenp [Mp] = ROET" + EX" + EL™ + &, [p]

ou
e hDEY" est 'énergie cinétique des ¢ + 1 plus bas niveaux de Landau
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e £ est 'énergie potentielle des ¢ plus bas niveaux de Landau

o FI7 est I'énergie d’interaction contenant toutes les interactions exceptées celles a l'intérieur
du niveau partiellement rempli.

On peut maintenant énoncer notre résultat principal sur la convergence de 1’énergie fonda-
mentale.

— Theorem 1.2.6: Convergence de l’énergie fondamentale

Si V,we L*(Q),

EO
WN o OB + BT+ BT+ Eopr +0(1)

Le premier ordre de I’énergie quantique fondamentale est 1’énergie cinétique du systéeme
hbE®". Pour les termes d’ordre 1, les seules contributions non triviales a 1’énergie fondamentale
sont 1’énergie potentielle et d’interaction a l'intérieur du niveau de Landau partiellement rempli.
Les niveaux inférieurs sont totalement remplis, ainsi leurs contributions a I’énergie sont constante.
L’interaction du niveau partiellement rempli avec tous les autres niveaux est également une
constante. Pour les niveaux de Landau supérieurs, leur contribution a I’énergie est nulle car ils
sont vides.

Le théoréeme pour la convergence des densités est :

— Theorem 1.2.7: Convergence des densités

Si V,w e L*(), et (n)nen est une suite de minimiseurs de (1.2.3). En notant pg\’;) la

densité réduite de |¢n) (¢n], il existe une mesure de probabilité p sur Dy, telle que

kiéme

e 1 ne donne de la masse qu’aux minimiseurs de (1.2.7)

e Vk e N*, au sens des mesures,

®k
(k) * a
pN N0 f (L2(q n 7,) + p> dﬂ(ﬂ)

Dyrr

La densité de particules converge vers une somme convexe de densités de la forme

q

—
L2(qg+7) P

De par la forme du principe de Pauli, il est visible que la constante dans ce terme correspond
aux particules dans les niveaux remplis. Ensuite, dans le niveau de Landau partiellement rempli,
la densité est donnée par un minimiseur de (1.2.7).

1.2.3 Stratégie

La premiére étape pour démontrer les résultats ci-dessus est la quantification du Laplacien
Magnétique (I1.2.1). On obtient en Section I1.2 une base ou les fonctions propres d’un niveau
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de Landau sont générées par des translations magnétiques. Dans la Section I1.3, on définit
la projection orthogonale sur un niveau de Landau. Cette projection sera ensuite localisée
dans 'espace donnant ainsi un projecteur sur un point de ’espace des phases. Le projecteur
sur un niveau de Landau est alors étudié et comparé a celui sur R?. Ensuite, une inégalité de
Lieb-Thirring est démontrée dans la Section I1.4 dans le but controler la norme L? des densités
réduites et ainsi traiter des potentiels L2. Enfin, les Section I1.5 et Section I1.6 contiennent la
preuve & proprement parler des théorémes de convergence de I'énergie fondamentale (Theorem
1.2.6) et des densités réduites (Theorem 1.2.7). Dans la Section II.5 on justifie que I'énergie
semi-classique (1.2.6) est une bonne approximation de 1’énergie quantique & N corps. Puis, la
Section I1.6 porte sur I’approximation de champ moyen et consiste principalement & controéler
les corrélations. Cette partie se partage en la preuve d’une borne supérieure et d’une borne
inférieure pour I’énergie quantique a N corps.

La démonstration de la borne supérieure se base sur la théorie de Hartree-Fock. Cette
derniére est obtenue en se restreignant aux déterminants de Slater (produit antisymétrique
d’une famille orthonormale de L?*(€2)). Pour ces états, de nombreux calculs sont simplifiés
(voir le Theorem 1.4.2 de Wick). La deuxiéme matrice densité réduite peut étre reconstruite
a partir de la premiére matrice densité réduite. Elle est ainsi donnée par un terme direct,
ne comprenant aucune corrélation, et un terme d’échange qui encode les corrélations dues a
I’antisymétrie des particules. La théorie de Hartree-Fock est donc une maniére de supposer que
toutes les autres corrélations sont négligeables. L’énergie de Hartree-Fock donne naturellement
une borne supérieure pour ’énergie quantique a N corps puisque ’ensemble variationnel est
réduit aux déterminants de Slater. Cette théorie peut étre étendue a un opérateur a un corps
(voir Notation I1.6.3). En utilisant le principe variationnel de Lieb (Theorem I1.6.5), on peut
montrer que la théorie fournit toujours une borne supérieure approchée de I’énergie quantique a
N corps. Il s’agit enfin prouver que I’énergie de Hartree-Fock est une approximation de I’énergie
semi-classique (Proposition 11.6.7).

Du coté de la borne inférieure, ’outil principal est le Theorem 11.6.11 de De-Finetti. En
effet, ce résultat permet d’écrire les k'*™¢ densité réduites comme des combinaisons convexes
de densités a un corps tensorisées k fois. En ayant en téte le fait qu'une densité jointe de k
particules ne posséde aucune corrélation si elle peut s’écrire comme un produit d’une densité a un
corps, il est clair que ce résultat joue un role important dans la justification de la décorrélation
des densités.

1.2.4 Perspectives

Les hypotheéses de régularité sur les potentiels ne sont pas optimales. Nous nous attendons a
ce que ce résultat reste vrai si les potentiels ont une partie positive L' et une partie négative
L?. Sous ces hypothéses, il faut prouver que les particules ne se concentreront pas dans les L'
singularités positives des potentiels. Ceci a été fait dans [26] pour le potentiel de Coulomb.

Une autre piste intéressante a explorer serait de regarder le cas d’'un champ magnétique non
homogéne (toujours transverse). En choisissant un champ magnétique suffisamment régulier, a
I’échelle [, le champ magnétique se comporte comme une constante. Ainsi I’énergie cinétique
reste localement quantifiée en niveaux de Landau.

Le modéle pourrait aussi étre complexifié en ajoutant les spins, ce qui revient a rajouter les
matrices de Pauli dans le terme d’énergie cinétique de I’'Hamiltonien a N corps.
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Remplacer le Laplacien magnétique par l'opérateur de Dirac permettrait une description du
graphéne. En effet, dans le graphéne, la relation de dispersion au niveau des cones de Dirac
dans la structure de bandes rend le transport des électrons relativiste. Le graphéne est connu
comme étant un bon matériau pour l'observation expérimentale de 'effet Hall quantique [43]. Tl
est donc intéressant de considérer un modéle pour des fermions 2d dans un cadre de relativité
restreinte. L’opérateur de Dirac n’étant pas positif, on ferait I’hypothése de la mer de Dirac,
supposant que dans le vide, tous les états d’énergie négative sont occupés. Une difficulté pour
ce résultat serait de gérer des potentiels généraux : en effet, cela demanderait d’adapter une
inégalité de Lieb-Thirring pour l'opérateur de Dirac avec condition aux bords magnétiques
périodiques.
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I.3 Dynamique

I1.3.1 Un petit tour de la bibliographie

Cette partie porte maintenant sur la dynamique donnée par I'Hamiltonien & N corps (I.1.3) et
I’équation de Schrodinger

hoon = Hatw (1.3.1)

pour ¥y € L® <R+, L2 (Q)®iN) et Ry = [0, 0.

Il est bien connu que I’équation de Hartree peut étre obtenue par une limite de champ
moyen lorsque N — o0. Si ¢y est une solution de (I1.3.1), des résultats tels que [5] [39] prouvent
que la premiére matrice densité réduite de |1y) (x| (voir Notation 1.1.3), satisfait presque
I’équation de Hartree :

thoyy = [—h2A +V +wx*p,, fy] (1.3.2)

avec v € L® (Ry, LY (L? (Q))).

Dans la limite semi-classique h — 0, en partant de I’équation de Hartree, on obtient
I'équation de Vlasov [42] [38] [9] :

Opu(t, ,p) + p - Voult,z,p) + F(t, x) - Vypul(t, z,p) (1.3.3)

pour la densité sur I’espace des phases position-impulsion R? x R?, avec un champ de force
donné par

F(t,z) = =V, (V + pxw) (t, )

et la densité physique

p(t, x) = fu(t, z,p)dp

Comme dans [38], ce résultat s’exprime typiquement sous la forme d’une convergence de la
solution de 'équation de Hartree (1.3.2) vers la quantification de Weyl associée a la solution de
I'équation de Vlasov (1.3.3).

Les limites de champ moyen et semi-classique peuvent étre combinées pour obtenir directe-
ment I’équation de Vlasov de celle de Schrodinger a N corps [32] [33] [31]. Certains résultats
plus récents ont permis de gérer des potentiels singuliers [7] [4] [8]. Ces résultats existent dans
les cas fermionique et bosonique. Si l'on part de la dynamique de Schrodinger a N-corps, la
caractéristique fermionique du systéme est imposée par 'antisymétrie des fonctions. Au niveau
de I’équation de Hartree, I'aspect fermionique est imposé directement via le principe de Pauli :

7<1

T[] N
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En présence d’'un champ magnétique, en dimension d = 2 ou d = 3, I’équation de Hartree
devient alors

ihdyy = [(IhV + bA)? + V + w py, 7] (1.3.4)
Dans I’équation de Vlasov, il est nécessaire d’ajouter la force de Lorentz
F(t,x) =p A b(0,0,1) = Vo (V + pxw) (¢, 2)

Du coté de la littérature concernant les systémes classiques, en partant de I’équation de Vlasov,
une équation gyro-cinétique de transport peut étre obtenue pour la densité physique dans une
limite fort champ magnétique :

Op(t,z) + VE(V +wxp)(t,z)  Vap(t,z) =0 (1.3.5)

Les travaux fondateurs dans ce domaine sont a attribuer a Golse-St-Raymond [34] et Frénod-
Sonnendriicker [15]. Les articles [54][35] [11] 2] et enfin quelques développements récents [14]
[37] viendrons compléter la bibliographie. Certaines références choisissent aussi comme point de
départ la dynamique de Newton [36].

Enfin, un résultat semi-classique [18]| obtient 1’équation d’Euler pour la vorticité depuis
la dynamique de Schrodinger & N corps. Ce théoréme concerne un régime dans lequel le gap
entre les niveaux de Landau est petit comparé aux interactions. Ainsi ’espace des phases pour
I'approximation semi-classique position-impulsion est toujours R? x RY,

1.3.2 Résultats

L’objet d’étude est toujours un systéme en deux dimensions de fermions soumis & un champ
magnétique transverse et homogéne. Notre point de départ est I’équation de Hartree (1.3.4),
appropriée pour un systéme fermionique d’un grand nombre de particules. L’équation gyro-
cinétique (I.3.5) est obtenue dans une limite semi-classique couplée & une limite fort champ
magnétique. Contrairement a [18], le régime est choisi pour que tous les termes de I’'Hamiltonien

(ihV + bA)* +V + w * p,

soient d’ordre 1. Cela entraine un grand nombre de conséquences sur la méthode de preuve. En
effet, vu que le gap entre niveaux de Landau hb doit étre pris d’ordre 1, ’espace des phases pour
’approximation semi-classique est alors N x R?. Dans cet espace des phases, n € N est le nombre
quantique représentant le niveau de Landau et z € R? la position dans I’espace. Autrement dit,
la quantification de I’énergie cinétique continue de jouer un role important dans la limite. Un
fait marquant est que les fonctions de Wigner et la quantification de Weyl, utilisées par exemple
dans [42], n’ont pas d’équivalent sur cet espace des phases. Les travaux [32] [33] [31] utilisent
plutot les fonctions de Husimi, qui ont un équivalent sur N x R2. Ces fonctions de Husimi sont
construites a partir des états cohérents et seront introduites en Section IL.5.

Dans notre méthode de preuve, une difficulté principale vient du fait que les états cohérents
ne sont pas bien localisés pour les niveaux de Landau élevés. Il s’agit donc de considérer la
dynamique dans les niveaux de Landau suffisamment bas et de controler le remplissage des
niveaux élevés grace aux moments de 1’énergie cinétique.
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— Notation 1.3.1: Définition du régime

On considére une limite fort champ magnétique

b— +o0
et semi-classique

h i 0
telle que

hb i 1
Soit v € L® (Ry, L' (L*(R?)), tel que

Tr[y(0)] =1 and 0 <~(0) < 27} (1.3.6)
on définit la matrice densité remise a la bonne échelle de temps :
% Vi e Ry, (t) = v(b)

Le choix de I’échelle de temps s’explique grace a une étude classique Subsection I11.1.4 qui
nous montre que le mouvement du centre de 'orbite cyclotron s’effectue sur une échelle de
temps d’ordre b. Ainsi

b 1
Oy = = [(GRV + A +V + w* py, 7] = = [V + DA + V + w * pyy, W] (1.3.7)
b

La contrainte (1.3.6) se propage en temps (voir Proposition III.3.1). De plus
[ oty =T luto)
R2

Donc le principe de Pauli 7, < 272 garantit que le systéme occupe un volume d’ordre 1 dans
la limite. En effet, un état fermionique typique satisfaisant (1.3.6) est une projection sur un
produit antisymétrique de N fonctions orthogonales avec

1
N:O(ﬁz)

Un tel état a N particules occupe un volume d’ordre

Cela montre que tous les termes de I’'Hamiltonien (iAV + bA)* + V + w p~ sont bien d’ordre 1.
On énonce maintenant notre résultat principal.
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— Theorem 1.3.2: Gyro-cinétique de la solution de [’équation de Hartree

Soit v, € L* (Ry, L' (L? (R?))) une solution de (1.3.7) telle que
Tr [(0)] = 1,0 < (0) < 2xl7

T [ 00) (oo +V + 50 0)) | <2

Si V,w e W4* (R?), alors Vo € CF (R; x R?),

f P (t,2) (Gep(ts 2) + V= (V + w % pyy ) (2) - Vap(t, 2)) didz — fso(oa 2)py, (0, 2)dz

R, xR2 R2

1
)

De plus, la premiére densité réduite converge vers une solution de I’équation gyro-cinétique.

<C(p,V,w)

— Theorem 1.3.3: Convergence des densités

Sous les mémes hypothéses que Theorem 1.3.2, aprés extraction d'une sous suite, p,, converge
au sens des mesures :

P, P € MR xR

p(0) % po e M(R?)

vers une solution faible de (1.3.5), c’est-a-dire que Yy € C* (R, x R?),

f p(Op+ V- (V +wxp)-V.p) —fw(O)po=0

R, xR2 R2

I.3.3 Stratégie

Comme pour le Chapter II, le point de départ est la quantification du Laplacien magnétique,
cette fois-ci sur R?. Dans la Section II1.2 on obtient une base d’états propres indexée par
deux nombres quantiques n et m, ou n est 'index décrivant le niveau de Landau. Toujours
dans le but d’obtenir un projecteur sur un point de l’espace des phases, les états cohérents
sont utilisés pour un n fixé. Cela revient & sommer les états propres sur le nombre quantique
m. En dimension deux, le paramétre complexe o dans la définition des états cohérents, voir
Subsection 1.4.2, peut s’identifier & une position. On construit ainsi un état a une particule dans
le niveau de Landau n localisé en un point de I'espace. La Section II1.3 préliminaire présente
des propriétés conservées par la dynamique : énergie (Proposition I11.3.2), énergie cinétique
(Proposition I11.3.3) et caractéristiques des matrices densités fermioniques (Proposition I11.3.1).

Graces aux états cohérents, dans la Section II1.4 on introduit la densité semi-classique sur
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I'espace des phases (I11.4.2). Au vu du probléme de non localisation des états cohérents dans les
niveaux de Landau élevés, il faut aussi introduire la densité semi-classique tronquée (I11.4.3) qui
ne concerne que les particules en dessous d’un certain niveau de Landau. Cette derniére s’avere
étre une bonne approximation de la densité physique (Proposition 111.4.3). L’énergie cinétique
est utilisée pour controler le nombre de particules dans les niveaux élevés. Il est aussi possible de
montrer que la densité semi-classique (non tronquée) est une bonne approximation de la densité
physique (Proposition I11.4.2) mais cela requiert des moments plus élevés de 'énergie cinétique.

La prochaine étape principale est d’étudier la dynamique des densités semi-classiques
tronquée et non tronquée, c’est le sujet de la Section II1.5. De méme, I’étude de la densité non
tronquée demande des moments plus élevés de ’énergie cinétique que celle de la densité tronquée.
Finalement, la Section II1.6 contient le passage a la limite dans les preuves des Theorem 1.3.2 et
Theorem 1.3.3.

1.3.4 Perspectives

Une premiéere amélioration serait de réduire la régularité demandée sur les potentiels. Dans ce
but, on pourrait utiliser des méthodes similaires a [8]. Pour cela, il faudrait établir I’équation
pour la dynamique & l'intérieur d’un niveau de Landau, afin de pouvoir controler I’équation
pour la fonction de Husimi directement et non la densité physique. Pour la dynamique de la
fonction de Husimi, on s’attend a obtenir, en plus de ’équation gyro-cinétique, un terme de
saut entre niveaux de Landau. Ainsi on obtiendrait un systéme d’équations couplées avec une
équation pour chaque niveau de Landau. Cela permettrait de construire un objet quantique,
analogue a la quantification de Weyl de la densité sur I’espace des phases position-impulsion
R? x R?, & comparer & la matrice densité solution de I’équation de Hartree. Aussi, I’obtention
de la propagation des moments de ’énergie cinétique d’ordre supérieur, faciliterait le controle
des erreurs dans la dynamique de la premiére densité réduite. La propagation de certains
commutateurs, entre v, et ’énergie cinétique ou des moments de 'opérateur position, pourraient
aussi étre utile. Ces méthodes devraient aussi permettre d’améliorer la vitesse de convergence
logarithmique dans le Theorem 1.3.2.

Ensuite, un but principal est de prendre comme point de départ I’équation de Schrédinger a
N-corps. Une premiére avancée dans cette direction serait de considérer I’équation de Hartree
Fock a la place de celle de Hartree, c’est-a-dire chercher & controéler le terme d’échange dans la
limite de fort champ magnétique. Ce terme ne devrait pas poser de probléme car il est petit
dans un régime semi-classique.

En étudiant le probléme 3d, on pourrait obtenir pour la dynamique un terme supplémentaire
de transport dans la direction du champ magnétique.
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I.4 Quelques outils

1.4.1 Matrices densités

En reprenant les Notation 1.1.3, remarquons que les matrices densités étant positives, ce
sont des opérateurs auto-adjoints. De plus, comme ce sont des opérateurs a trace, elles sont
aussi compactes et ainsi diagonalisable par le théoréeme spectral. Voici quelques propriétés
supplémentaires des matrices densités qui seront utilisées tout au long de la thése:

— Property 1.4.1: Matrices densités
Soit vy € L1(H®N) tel que Tr [yn] =1 et v = 0,

Tr ['y](\,)] =1, 0< ’y](\];)
Soit k € [1: NJ, si Ay € L' (H®), alors

Tr [nyAk ®1d<§(N*’“)] —Tr [7](\’,“)Ak] (14.1)

— Proof:

On peut supposer Yy = 'y @ ['y_j, ot [, € L1 (H®k) In_pe ! (H®(N*k)) puis revenir au
cas général par linéarité. Ainsi,

Tr [’}/NAk (629) Id%(]v_k)] =Tr [(FkAk) (29) FN—k:] =Tr [FkAk] Tr [FN—k] = Tr [TI' [FN—k] FkAk]
=Tr [Trer1:n [Tk ® Dv—i] A] = Tr [Treran [yw] Ax] = Tr [’y](\lf)Ak]

La trace et la positivité des matrices densités réduites est une conséquence directe de ces
propriétés pour yy. Par (I.4.1) appliqué & Ay = Idyer,

T [4] = T [Triceny [l = T[] = 1
Puis, si 1) € H®*,

% WP = (@ @ 18N Py @ 18N-P) > o

Dans le cas ou la matrice densité est un projecteur sur un produit symétrique/antisymétrique,
il existe une formule exacte permettant d’exprimer les densités réduites en fonctions des vecteurs
du produit.

Theorem 1.4.2: Théoreme de Wick
Siywv = |[Yw) (¥n], avec

1 N
o = 7 s




ol (¢;); est une famille orthonormale, alors

w _ ( ‘) v

1<ty #---#ip, <N

® ¢21> < Z Gi(a) @ ¢ig(j)

Jj=1 o€Sk

— Proof:
Premiérement,
1 1 N
W= >, €(07) @ bot ) { @ ety = N > ex(07) @ |bo)) (-6
" o,7eSN J=1 Jj=1 ' 0,7eSN g=1
Donc
k 1 N
Y = Trg1v [7w] == > ex(or (@\(pg ><¢T(j)\) ]_[ Tr [|6o()) (D07 ]
" o0,7eSN Gj=k+1
1
- NI Z ex(o7) <®‘¢U(J ) {&r( J)‘) H O (j),7(j)
" 0,7eSN j=k+1

1

Avec le changement de variables 7 := ¢~ "7 on obtient

N

1 k
%(\’7) = Z (oot (<>_§| ')> <¢m(j)‘> H 0o (j).07(7)

" 0eSn,TeSN j=k+1

:% Z e+(7) <@{¢a(j)> <¢ar(j)‘>

’ oeSN,TESE

i 53 a0 (@) Gl oo

T 1<ig#--#ip <N 0eSy,T€Sy Jj=1 g=l1

AT ~
WS Yae )®I6:) (91|

1<iyp#-- #lng TGSk

& ¢ij> < Z ex(7) @ Pir )

Jj=1 TESK

% B C e

Du Théoréme de Wick peut étre déduit le principe de Pauli pour la k"¢ matrice densité
réduite.

— Theorem 1.4.3: Principe de Pauli

Soit vy € L1(H®N) tel que Tr [yn] =1 et v = 0,
© . (V=R
N!

De plus la borne supérieure est atteinte pour produit symétriques/antisymétriques.

0<~
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— Proof:
On peut supposer vy = |[y) (¥n|, avec

.

w

ou (¢;); est une famille orthonormale puis conclure par linéarité. Soit

1 k
= \/_/?!g?i%

En utilisant Theorem 1.4.2, on calcule alors

<¢k‘%(\?)¢k> :% Z Z e+(oTV) <C>k<> ()

1<iy #---#ip <N 0,7,0ES) =1

AY K K
— (NN'kl'C) Z (oTv <® Or() ®1 > <@1 Puo(j)

o,7,0,WESE

20
§eo)

N —k)! N —k)! N — k)k!
:—( N!k!) Z €+ (0TV)0r 000w = —( N!k:!) Z e+ (owwo) = ( N!)

o,7,0,WESE o,wESE

9) {82

On peut construire une base de Hilbert de H en complétant (¢;)i1<j<n. Si ¥y est un produit
d’éléments de la famille (¢;)1<j<n, quitte & réordonner les ¢;, on se rameéne au calcul ci-
dessus. On conclut alors en remarquant que si ¢, est un produit contenant des termes dans
. span ((qﬁj)lgjgN)L, le résultat du calcul ci-dessus est 0.

1.4.2 Etats cohérents

Les états cohérents sont indispensables dans ’étude de limites semi-classiques. Soit a' et a des
opérateurs de création et d’annihilation :

[a, aT] =Idy

ou H est l’espace de Hilbert généré par application successives de a': (aTn |O>)neN sur le vide
|0) := 1c. Soit a € C, I'opérateur état cohérent est

D(Oé) e ecxaT—Ea
Par la formule de Baker-Campbell-Hausdorff,
@(a> _ efé[aaT,fEa] eaaTe—Ea _ e—TeaaTe—aa

On définit alors les états cohérents

— - —% aat _ _@ Oé_
Yo = D() |0) = e 0) =€~ Z ;Nﬁ'n)
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ou |n) = ) est normé. L’opérateur nombre d’excitations est

in

i
N =adla

On a les propriétés suivantes pour les états cohérents :

— Proposition 1.4.4

<wa|wa> =1

[a, Z(a)] =

atha = athq
<wa|N¢a> = ‘O‘|2

AN = o) (alN200) — (Bl )? = ol
= [ 1) (el da = 1
C

(1.4.2)

— Proof:

Par un calcul direct,

neN
et
[&,9 [ aaT] —aa _ , lo;‘ <T§\I j‘; [CL, aTn]) e aa
( 04_' ) e % = a%(a)
donc
ae = a2(a)|0) = Z(a)al|0) + aZ(a) |0) = at),
<wa|N¢o¢> = <a¢a|a¢o¢> = |Oé|2
<wa|/\/2wa> = <&wa|aaTawa> — (aatpa|aathy) + (athalarhs) = |a|* + |af?
AN = y/lal* + Jaf? = |af* = |a
Finalement,
_ japp @ _ o—lal? |0‘|
ﬁ%¢wmnéd' Wrwlmm %mlwf
=2 ¥ |n)(n e dr = 7Y |n) (n e "dr
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=7 > [n) (n] = 7ldy

neN

Avec (1.4.2), en interprétant a comme un opérateur de position dans C, 1), est un état
physique localisé autour a.
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Chapter 11

Multiple Landau level filling for a large
magnetic field limit of 2D fermions

G-&QJ_’@?Q_:_—’«%

° SN—"

Abstract :

Motivated by the quantum hall effect, we study N two dimensional interacting fermions in
a large magnetic field limit. We work in a bounded domain, ensuring finite degeneracy of the
Landau levels. In our regime, several levels are fully filled and inert: the density in these levels
is constant. We derive a limiting mean-field and semi classical description of the physics in the
last, partially filled Landau level.
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I1.1 Context and result

11.1.1 Model

We consider a system of N interacting fermionic particles in two dimensions. They are placed
under a homogeneous magnetic field perpendicular to the domain. In this context the kinetic
energy of the particles is quantized into discrete energy levels called Landau levels, separated by
a finite energy gap. This problem has initially been studied by Lieb Solovej and Yngvason in
[20], [27], [24], [25], [26] and more recently by Fournais, Lewin and Madsen in [21], [44].

Our goal is to study the mean field and semi-classical limit under high magnetic field so
the Landau level quantization plays an important role. This setup is related to that of [26]
where three regimes are studied. In the first one, the energy gap is small with respect to the
potential contributions in the energy so particles occupy all Landau levels and a standard
Thomas—Fermi model is obtained in the limit. In the second one, the energy gap is comparable
to the potential energy terms, particles optimise both their Landau level and their position in
the potentials and the limit is a magnetic Thomas-Fermi model. For the last scaling, the gap is
large compared to the potential energies so all particles occupy the lowest Landau level and the
limit is described with a classical continuum electrostatic theory in this level. We want to deal
with the intermediate situation where only a finite number of Landau levels are completely filled.
Precisely, our result is a limit where the q first Landau Level are fully filled, the next Landau
level is partially filled with filling ratio » < 1 and all higher Landau levels are empty. We also
provide a model for the physics in the partially filled Landau level. This setup is physically
motivated by the quantum Hall effect which mostly takes place in a partially filled Landau level
while lower Landau levels are filled and inert, and higher levels are empty, see [22].

In this perspective we want to fix the limit ratio of the number of particles to the degeneracy
of Landau levels. On the whole space R? this degeneracy is infinite. To ensure finiteness of
the degeneracy of the Landau levels (see Proposition 11.2.11), we work on a bounded domain.
For simplicity, we would like to consider a torus with periodic boundary conditions. But, in
the presence of a magnetic field the periodic boundary conditions must be modified. This is a
well known issue, for example see [22, Section 3.9]. As explained in Subsection I1.2.1, we define
magnetic translation operators to ensure commutation with the magnetic momentum. These
magnetic translations operators define the so called magnetic periodic boundary conditions.

— Notation II.1.1: Model

We work on the domain 2 = [0, L]? of fixed size L > 0. The one body kinetic energy
operator, also called magnetic Laplacian, is

Sy = (ihV + bA)? (IL.1.1)
We work in the Coulomb gauge:
V-A=0

where A € C* (R R?) is the vector potential generating the constant magnetic field: identi-
fying R? with R? x {0} = R3, we assume

V A A=(0,0,1) (I1.1.2)
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b is the magnetic field amplitude with associated magnetic length

h
lb = g

We identify R? with C and use complex notation for the variables (z,y) € R? namely
(x,y)=x+1iyeC
Let 2y € C, by (11.1.2)
VA(A—A(e—2))=0
so we can choose ¢, € C” (R? R) such that
A— Ao — 29) = 2V, (I1.1.3)

For some usual expressions see (I1.2.3) and (I1.2.4). As detailed in Subsection 11.2.1, for a
wave-function ¢ € L*(€) the magnetic periodic boundary conditions are

L t — i(pL(L+it) S
vie o, 1], 4 VIE ) = erid) (IL.1.4)
Pt + L) = ety (t)
and the domain of the magnetic Laplacian is
Dom (%) = { € H*(Q) such that (I1.1.4) holds} (I1.1.5)
Now, the N-body Hamiltonian is
N ) 9
Ko=) ((mvxj +bA(z;))” + V(xj)) g O wla—a) (IL.1.6)
j=1 1<j<k<N

acting on the space of N-body fermionic wave-functions

L2 () = N\ L3(Q).

We denote T :== R?/LZ?. V € L*(T) is the external potential and w € L*(T) the interaction
potential assumed to be radial for the metric on the torus:

w(e — y) = (d(@.9)) with d(z,y) = win |~y +7
reLZ?

The domain of the N-body Hamiltonian (II.1.6) is

N
Dom () = /\ Dom ()
We define the N-body ground state energy

EJOV = inf{<wN\ijwN>,wN S DOHI(%N) such that HwNHLg = 1} (1117)
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When we change the gauge, wave-functions change by a phase thus the energy is independent
of the choice of gauge. There are N(N — 1)/2 interacting pairs of fermions. Thus, we divide the
interactions term by (N — 1)/2 so that the order of the contribution coming from interactions is
O(N) and comparable to the contribution coming from the external potential.

As we will see in Subsection I1.2.2; the self adjointness of the magnetic Laplacian and the
existence of its eigenvectors require the magnetic field flux bL? going through the domain to be
quantized in multiples of 27h:

L2

dd < N such that 27d = 2L2 = —
h ll?

We will prove in Proposition I1.2.11 that d is the degeneracy of Landau levels. Now, we can fix
the number of filled Landau levels by choosing a scaling for which the ratio N/d is fixed.

— Notation I1.1.2: Scaling
We take Planck’s constant to be a sequence h == (hy) ycy Such that
Nz2«h« N4 (I1.1.8)

Let ge N,r € [0,1),b = (by)nen be such that

L2
P —— II.1.
d G c ( )
and
N 1
ENiOOQ+T+O(ﬁ> (I1.1.10)

# where E* := E\{0} for £ < R.

q will give the number of fully filled Landau levels and r the filling ratio of the (¢ + 1)
Landau level. Note that the lowest Landau level index is 0 in our convention. With this notation,

N B 27TZ§N

N d 1 b 2N
= — rand == ~ ——
d - L2 Now! 2~ hinSw(qg+r)L?

(11.1.11)

With this scaling, we find that the order of the magnetic field is b = O(AN). It is known
(I1.2.18), that the order or the kinetic energy is

hb = O(R*N) » 1 (I1.1.12)

The kinetic energy contribution needs to be of leading order compared to the potential terms if
we want to impose the number of filled Landau level and this is true if and only if

2N > 1

hence the lower bound in (II.1.8). The upper bound i « N ~1 is necessary in our approach to
control some error terms coming from the kinetic energy. This is also the reason why we impose
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the convergence rate in (I1.1.10). This scaling is a semi-classical limit because Planck’s constant
goes to 0.

To satisfy (I1.1.10), one can take for example

N
-l
q+r
SO
N N N N g+r 1
—1<d< <= < = - —
q+r q+r:>(J+r d N 1 1_Q+7’NaoqurT+O(N>
q+r

Note that if r is rational one can take sequences such that there is no error in (I1.1.10), and if r
is irrational (see [1, Proposition 1.4]) it is always possible to have

N 1
ENjooq+r+O(m)

I1.1.2 Semi-classical limit model

In the limit, we obtain a semi-classical model where the energy no longer depends on the wave-
function but on the density in phase space. This comes with a non linearity in the interaction
term. The phase space is N x 2. This means that particles have two degrees of freedom: the first
one is n € N the quantum number representing the Landau Level index and R € €) representing
the position of particles in space. In classical mechanics, one can think of R as the center of
the cyclotron orbit of the particles and n as the index of the quantized angular velocity of the
cyclotron orbit. This model is semi-classical in the sense that the Pauli principle still holds as a
bound on the density.

— Notation I1.1.3: Semi-classical functional
We consider the measure on phase space
=\

where \q is the Lebesgue measure on €. For a phase space density m € L' (N x Q,R, ), the
semi-classical energy is

Esenp [M] = fEnm(n,R)dn(n,R)+ J Vmdn + J wm®dn®? (I1.1.13)

NxQ NxQ (Nx )2

where, as we will see in Section I1.2,

E, = 2hb (n + %> (I1.1.14)
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is the energy of the n'* Landau level. Define the semi-classical domain

1

CEESTS (I1.1.15)

D, = {me L' (N x Q) such that fmdn=1and0<m<

NxQ

and the semi-classical ground state energy

0 — O
Esc hb T inf 6sc,hb [m]
3 ? meDgc

We also define the electrostatic model for the partially filled Landau level that only depends
on the density.

— Notation 11.1.4: FElectrostatic model for the partially filled level
Define

Eqrrlp] = pr + Hw(r — y)p(z)p(y)dzdy (1I.1.16)
Q 02

with domain

1
Dyrr = L'(9) such that = d0<p< —73 I11.1.17
n = {0 L@ such that = —— and0<p < s (IL.1.17)
Q
The associated ground state energy is
E;]LL = Di?LfL quL
We define the following energies:
p
2
gor .= L HT AT (IL.1.18)
q+r
q
EY = Vv I1.1.19
=L f (1.1.19)
Q
242
gor = L 10 ][ ” (I1.1.20)
(¢ +7)
02
Let p € D11, define
1
mp(n,x) = 1n<qm 2 1n=qp(x) (11121)

m, is a phase space density constructed with the ¢L L lowest Landau levels saturating the
Pauli principle in (II.1.15) and (II.1.17) and with the density p in the partially filled Landau
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level. The ratio of particles in the partially filled Landau level is

-
q-+r

This corresponds to the normalization constraint in (I1.1.17). With this we see that the Pauli
principle is indeed the correct bound on the densities to have

J mpdn =1

NxQ

We will see in Proposition I1.6.1 by a direct computation that
gsc,hb [mp] = hoE?" + E‘q/’r == EZ)’T = quL [p]

where

e hbEY" is the kinetic energy contribution from the ¢ + 1 lowest Landau levels
e B is the external potential energy contribution from the ¢ lowest Landau levels

e [27 is the energy contribution from interactions between the ¢ lowest Landau levels and
the interactions between the ¢ lowest Landau levels and the (q + 1)th Landau level. in
other words, it contains all the interactions except the ones inside the partially filled level.

The particles in the partially filled Landau level try to optimise their localisation with
respect to the self consistent potential V' + w * p:

Eqrr [P :J(V“‘W*P)P

If w has a non-negative fourier transform, this functional is convex and thus has a unique
minimizer. For example, with V' = 0, the minimizer is

i
el rETZ

I1.1.3 Main results

We can now state our main result:

— Theorem I1.1.5: Mean field limit with magnetic periodic conditions

With the definitions introduced in Notation II.1.1, Notation II.1.2, Notation II.1.3, Notation
11.1.4,

EO
WN = BBETT + BT+ BT 4+ By +o(1)

This means that in the limit, the first order in the quantum many body energy per particle
is the trivial energy hbE%". Then for terms of order 1, the only non trivial contribution to the
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energy are the external potential term and the interaction term inside the partially filled Landau
level. The lower Landau levels are totally filled and therefore their contribution to the energy is
constant. The interaction of the partially filled level with all other level will also be a constant.
For higher Landau levels, their contribution to the energy is null because they are totally empty.

The regularity assumptions on the potentials are not minimal, we expect this result to hold
true if potentials have an L' positive part and an L? negative part. Under these assumptions,
one needs to prove that the particles will not concentrate in the L' positive singularities of the
potentials. This has been done in [26] for the repulsive 1/|z| Coulomb potential. We will not
deal with this issue in this paper.

The number of variables of the densities is going to infinity in our limit. As usual for a
large number of particles, obtaining a convergence of densities requires to work in a space with
a finite number of variables and therefore look at reduced densities.

— Notation I1.1.6: Reduced densities
We denote LP the set of p-Schatten class operators along with ||e|| ., the p-Schatten norm.
Let vy € L} (LQ_ (QN)) a positive operator (thus self adjoint) of trace 1. We call such an

operator an N-body density matrix. By the spectral theorem, vy is diagonalizable in a
Hilbert basis of L2 (Q):

YN = Z)‘i |u;) (u;] with 0 < \; <1 and 2)\7; — |
€N ieN

We will denote in the same way operators and their integral kernel. We introduce compact
notation for lists:

The density associated to vy is

Pyn (ILN) = IN (xl:Na xl:N)

Let Tr; be the partial trace that traces out coordinates in I < [1, N] of L2(2)®V, it is
defined as the linear operator on £ (L* (QV)) satisfying

®4

i¢l

VAiy € £ (L*(Q)), Ty, [(Q) Ai] = Tr [@ A;

iel

Let 1 < k < N, we define the k™" reduced density matrix associated to vy by

’YJ(\];) = Trpi1.n [YN] (I1.1.22)
with the convention that fy](\,N) = yy. For an N variables symmetric density py we denote

pgl\;) its k™ marginal. If one starts from a wave-function ¢y € L2 (Q") we use the notation

Yon = [Pn) (Y]
; Pon = Py, = o] (I.1.23)
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Note that with this notation
P = o) (I1.1.24)

In (I1.1.22), we have integrated the last N — k variables but the result does not depend of the
choice of these variables. Indeed, a permutation of coordinates brings a sign + in front of each
|u;) and this keeps ~yx invariant.

The domain 2 is a locally compact metric space, the set of Radon measures on it is the
dual of continuous and compactly supported functions

M(Q) = C()*

In our case, since 2 is compact this is just the dual of continuous functions. We denote M (Q)
the set of positive Radon measures. Let P(Q2) be the set of probabilities on €2:

P(Q) == {u e M, (Q) such that u(Q) = 1)

On this space the weak star topology is metrizable using a Wasserstein metric |10, Section 7.12].
Moreover P(f2) is also locally compact [3, section 17.E|, thus it is possible to iterate and define
the space of probability measures on P(2) namely P (P(£2)).

Now, we have the following theorem for the convergence of reduced densities:

— Theorem I1.1.7: Densities convergence with magnetic periodic conditions

With the definitions introduced in Notation II.1.1, Notation II.1.2, Notation II.1.3, No-
tation II.1.4, Notation II.1.6, if (¢)5) is a sequence of minimizers of (II.1.7), then Ju €
P (D,1) such that

e 4 only charges minimizers of the limit energy functional (I1.1.16)

e Yk e N*, in the sense of Radon measures

p® 2 J (#er)@kdu(p) (IL.1.25)

YN N0 q+r)

DyrLrL

The density of particles converge to a convex combination of densities of the form

q

——+
L2(qg+7) P

From the Pauli principle in (II.1.17) we see that the constant term in this expression corresponds
to particles in the g lowest and fully filled Landau levels. Then the density of particles in the
partially filled Landau level is given by a minimizer p of the limit functional (I1.1.16).

I1.1.4 Scaling

Another way to obtain the scaling in Notation II.1.2 is to observe that we have two characteristic
length-scales:

47



L

e —— measuring the mean distance between particles
VN g P

e [,, the magnetic length, which, in classical mechanics corresponds to the radius of a
cyclotron orbit. Due to the Pauli principle, [, will be the order of the minimum distance
between particles inside a Landau level. More precisely the Pauli principle takes the form
of an upper bound on the density in phase space.

The square ratio of these length is

2 bL?

— = — I1.1.26

N2 hN ( )
If this ratio goes to zero, the mean distance between particles is very small compared to the
minimal length-scale between two particles in a fixed Landau level. This implies that the
particles must fill many Landau levels and this corresponds to the scaling in [26] where the
energy gap between Landau level is small compared to the potential terms.

If this ratio goes to infinity, the mean distance between particles is very large compared to
the minimal length-scale between two particles in a fixed Landau Level. As a consequence, all
particles can be placed in the lowest Landau level and this corresponds to the regime in [26]
where particles only occupy the lowest Landau level and do not feel the Pauli principle.

In the limit we study, we see from (II.1.11) that the ratio (II.1.26) has been fixed to be

L? 2
N2 N—og+r

(IL.1.27)

in order to fill a finite number of Landau levels. In our limit we fixed L and took [, going to
zero, but one can also ensure (I1.1.27) by fixing a magnetic length [, > 0 and taking a domain
length L going to infinity as

L=-2L (I1.1.28)

In this limit the density of particles in the domain 2 is fixed:

Z2 f2 27

N N—ow qg+r

(I.1.29)

The two scalings can be unified by saying that we use a small dimensionless parameter

b _ b
=— == I1.1.30
a=g=2 UREY)
Indeed, taking a small magnetic length as in the first scaling or a large domain length in the
second scaling implies that « goes to zero as in (I1.1.30). One can go from a limit to the other

by unitary transformation of the Hamiltonian.
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— Proposition I1.1.8: Re-scaling

Define the unitary operator

First, we check unitarity.
Let u e L*(Q),

lur|? = 72 j A f w(@)?de = |lul?
[0.]° [0,L]

With the same change of variable we see that the adjoint of U, is
~72
L2 ([0, I] ) — 1[0, L]?)
Ur:

1 1
u —> —U =0
T T
The transformation of the kinetic momentum 1is

U. (ihV + bA) U*u = ~U, BV + bA) u (1.>
T T

_ %UT (m%vu G.) + bA(e)u G.))

\/F

The action of U, on the potentials is

UV(x)Uf =V (r-x)
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2 2y _, 72 I,
U,: LA([0, L) L ([O’L] > with 7= <
u — Uy = Tu(Te) L
then the N-body Hamiltonian (I1.1.6) is unitarily equivalent to
1
UBN 54, U — — i
where
al 2
: 2
TN - = Z ((thVj + b, A (z5))" + VT(xj)) + N1 2 we(z; — k)
j=1 1<j<k<N
and
hhAlA()b%bVV() (re)
= — = — [ ] = = [ ] — ([ ]
by r= AT = =TV (T wy = Tw (T
— Proof:

- m%W(-) T bA () u(e) = —— (i, + b A,) u



UB2w(z)U*® = w (7 - )

1
We conclude by putting together this two computations and factorising by —
-

We confirm that the new magnetic length is

Moreover if one chooses a linear A (like (I1.2.3) or (I1.2.4)) and

V@) = or

o T

]
then the vector potential and the interaction potential are not rescaled :
A=A Wy = W

If we assume that the external potential is generated by a background charge density o € L'(Q)
it transforms as

1 1
Vi(z) = JT@(W = y)mdy = J To(T (y - w))ﬂdy = ort o
@ [0.2]*
The re-scaling preserves the total charge
f o-dr = fgdx
o]’ :
and
J 1 2
: 2
oy = Z ((zhfvj + b A(z;)? + pr # W) N Z w(z; — 1)
j=1 1<j<k<N

We conclude that our initial scaling is equivalent to a thermodynamic limit.

I1.1.5 Organisation of the paper

The next two sections contain preparations and necessary tools. Section I1.2 is about the
diagonalisation of the magnetic Laplacian (II.1.1). In Section I1.3 we define the orthogonal
projection on Landau levels and localise it in space, this will be the central object in the
definition of the semi-classical densities. Then we prove a Lieb-Thirring inequality in Section
I1.4 to deal with L? potentials. The last two sections contain the proof of Theorem II.1.5 and
Theorem I1.1.7. In Section II.5 we justify the semi-classical approximation and express the
energy in terms of semi-classical densities. Finally, in Section I1.6 we prove the mean-field
approximation giving an upper and a lower energy bound.
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I1.2 Quantization

In this Section, we recall the diagonalization of the magnetic Laplacian (II.1.1). We construct
an orthonormal basis of L?(Q) adapted to the Landau levels in terms of magnetic periodic
eigenstates of .24 ,. This result is stated in Proposition I1.2.16. This fact is already well known in
the literature, see [51], [53] or in [22, section 3.9]. Thus the reader may go directly to Proposition
I1.2.16 and accept its statement.

To prove Proposition I1.2.16 we will see that on a finite domain, the degeneracy of Landau
levels is finite in Proposition I1.2.11. We use the fact that the Landau levels are isomorphic and
we study the lowest Landau level for which we prove the following properties:

e the wave-functions have a finite number of zeros inside the domain (Proposition 11.2.10)

e the degeneracy is the number of zeros of the wave-functions (Proposition 11.2.11)

Then, we will prove another expression for the eigenfunctions in Proposition 11.2.18 using
the Poisson summation formula.

I1.2.1 Magnetic translation operators

In this subsection we explain the definition of the boundary conditions (I1.1.4). If T}, is the
translation operator by zy and we try to commute the magnetic momentum with a translation
we get

[ihV + bA, T,)] = b[A, T,,] = b(A — A(e — %)) T,

Thus we cannot impose periodic boundary conditions, which would mean finding joint eigen-
functions of %4, and of the translation operators with eigenvalue 1. The remedy is to compose
the translation operator with a change of phase chosen to ensure commutation with &%, ;. Thus,
Z» and the magnetic translations can be diagonalized jointly. This means that we can

— Notation I1.2.1
Let zy € C, define the translation operator on u € L?  (R?) by

loc
T, u = u(e — z)
We define the magnetic translation operators as
Too = €9°0T, (I1.2.1)

They define the conditions (I1.1.4) on 0S2. Let k > 1, we define the magnetic periodic Sobolev
spaces as

HE () = {1 € H*(Q) such that (I1.1.4) hold}

We will use similar notation for other usual functional spaces where the subscript mp stands
for magnetic periodic and p for periodic. The domain of the magnetic momentum

c@fhb = hV + bA
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is
DOHl(gZh’l) = Hlp(Q)

m,

In Coulomb gauge, there exists ¢ € C° (R? R) such that the vector potential satisfies

A=Vig = (‘aaf) (11.2.2)

For k > 1, H*(Q) — C°(Q), so the conditions (II.1.4) are well defined. For k = 1 they are
defined with the trace operator 1" and v = 1.

For some examples of Coulomb gauges, one can take the symmetric gauge:

Els 1 L, U Loy — Yok
¢s m = T, AS m = —(%y) = —(_y,l') Pzo,sym = (1123>
Y 4 Yy 2 2 0,5Y’ 2[%
or the Landau gauge:
2
Y Yo
gbLan 5= E ALan = (—y, O) Pzo,Lan = _ZO_Z (1124>
b

If we insert the Landau gauge (I1.2.4) in (II.1.4) we get the boundary conditions in Landau
gauge:

W(L + it) = (it)

vt € [0, L], Lt (I1.2.5)
Yt +iL) = e ()
In complex notation, the vector potential Definition (I1.2.2) becomes
2i05¢ = A (11.2.6)
and with (I1.1.2),
A =1 (11.2.7)

In the next proposition we also emphasize the importance of the flux quantization (I1.1.9). The
magnetic translations in the two directions L and ¢L defining the lattice commute if and only if
the flux is quantized. Therefore when the flux is quantized, we are able to impose magnetic
periodic boundary conditions in both directions L and ¢L.

— Proposition I1.2.2: Commutation between magnetic Laplacian and magnetic translations

We have the commutation relation

2

[0, 7] =0 < 7 e 2nZ
b

and in this case,

Vk > 1,HY (Q) = {¢ye, ¥ € H, (R?) such that 7,1 = 7, = ¢} (I1.2.8)
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moreover, the magnetic Laplacian (II.1.1) commutes with the magnetic translations defined
n (II.1.3) and (II.2.1):

[P, T2 ] = 0 on H}np(Q) and [Zp, T2 = 0 on anp(Q)

In view of (I1.2.8) we will identify ¢ € H}, (Q) and its extension on R? from now on.
— Proof of Proposition II.2.2:
We compute
[, 7iL] = LTy e PiLT,, — LT e PLT) = (ei(WL""TLSOiL) _ ei(‘PiL+TiL§9L)) 1.7, (11.2.9)
So
[72,7i.] =0 < 3d € Z such that ¢ + Trpir — vir — Tirr = 2nd
and it is sufficient to prove

L2

- (11.2.10)
lb

or + Troir — i — Tinpr =
With the Stokes theorem:
JA.dl = fds = i (I1.2.11)
o0 Q

Using (II.1.3) we get another computation for this integral

L L
JAdl f A(u+iL))-(1 Odu—I—ZJ (L +iu) — A(iu)) - (0, 1)du
0

0

|

L
12 J Oz0ir,(u + 1 L) + i0ypr (L + tu)) du = Z[—pir(u+iL) + o (L + m)]g

0
=15 (o1 + Towir — wir — Tiver) (L + iL)

but because of (I1.2.11) this quantity is constant. Dividing by [ gives (I1.2.10).

The right to left inclusion in (I1.2.8) is just the evaluation of 7% = 7;1% = 1 on 0. The
left to right inclusion is obtained by extending v with the magnetic translations 7, 7;;, and
the extension is well defined due to the commutation relation |77, 7] = 0.

Next we compute

c@h’beiwzo = %P0 (th + bA — hVQOZO)
S[0)

0T, Py = (iAV + bA(e — 2) + hVp,, )T,

. With the definitions (II.1.3), (I1.2.1) this ensure that [, 72,] = 0.

TN
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To emphasize even more the importance of the flux quantisation, we state that

{¢10,v € Hj,, (R*) such that 7,9 = 7yt = 9}

is trivial without it.
— Property 11.2.3

{¢10,v € HE, (R?) such that 7,9 = ;20 = ¢} is dense in L*(Q) if and only if (I1.1.9) holds.

Otherwise

{0, v € Hf. (R?) such that 7.9 = 729 = ¥} = {0}

— Proof:
If (I1.1.9) holds, by Proposition 11.2.2,
CP(Q) = HE(Q) = {t0, ¥ € Hf, (R?) such that 7,0 = 1.0 = ¢}

hence the density in L*().
If (I1.1.9) does not hold, let ¥ € Hf_ (R?) such that 779 = 7,21 = 1), then

[T, Tic]y =0
but using (I1.2.9) and (II.2.10)

[TL7 TiL]¢ —eipirt+Tirer) (€Z(<PL+TL<P¢L)—%L—T¢L<PL _ 1) T T
2

—ei(Pir+TiLer) (61‘12 _ 1) 000
and since the flux is not quantized,
L2
E ¢ 27TZ
% so T Tirp = 0 and ¢ = 0.

The next lemma proves that

{ue L*(Q) such that Lyyue L*(Q)} = H*(Q)

Indeed,
Lemma 11.2.4

Let ¢ € L*(Q), assume %, 310 € L*(), then ¢ € H*(Q) and

19l g2 < C(b, 1) || L0l

Note that the converse embedding is also true because A and its gradient are bounded.
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— Proof of Lemma 11.2.4:

|Gl > 12 A — [|(B2A2 + RbY - A)p | — [|200A - V|

R |AY] = C) vl — 2r [l All, IV

VWV

But the gradient term can be controlled by the Laplacian. Let D > 0, using that
1
Vk e ZZ2’ k* < C(b,h, D) + Dk*

with Parseval’s theorem we obtain

IVy||* < C(b,k, D) 4] + D ||Av|?

1 h2\ >
Choose D = (— . —) so that
2n||All, 2

h2
21 | Alls 1Y% < CO,R) 11| + 2R | All, VD | A%I = Cb, 1) [l + 5 1Ag] - (11.2.12)

and we can conclude that

h2
1209l = < AY] = C(6,7) [1¥] (IL.2.13)

<N+%>¢

since NV is positive (I11.2.19). Combining (II.2.12), (I1.2.13), (I1.2.14) gives the desired
. embedding.

Finally ||¢|| can also be controlled:

; ) 2R\
1Ll = () >( ) el (11.2.14)

2

11.2.2 Landau Level quantization

In this subsection, we set up the usual formalism for the description of the magnetic Laplacian
in term of annihilation and creation operators. More details about these operators and the
properties of Landau levels can be found in [28].

— Notation I1.2.5

We denote by 7, m, the coordinates of the magnetic momentum:

thoy + bAz\ (7
Py = (may + bAy) = (wy)

and define the annihilation and creation operators respectively as

iy = i f o Myt imy
) al =4 -2 I1.2.15
v 2hb v 2hb ( )
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)L and the number of excitation operator N = a'a.

The quantization of the magnetic Laplacian comes from the following commutation relations:

[, my] = ihb (I1.2.16)
[a,a'] = Id (canonical commutation relation)
[T, 0] = [72,aT] = 0 (11.2.17)

and the magnetic Laplacian is diagonal in terms of creation and annihilation operators:

Sy = 2hb <N + %) (I1.2.18)

In the next lemma we prove that the magnetic Laplacian %} 5, defines a Sobolev space whose
norm turns out to be equivalent to the H'(2) norm.

— Lemma I1.2.6
5 defines the Sobolev space (Dom (%) ,(e) ) with

<x|z/1>$ = (L px|V)

which is equivalent to (H?,,(92),{(e);;). The quadratic form defined by (e), is continuous,
Hermitian and coercive on Dom (%% ).

©»
— Proof:

First, we prove a Green formula for the magnetic momentum. Let x € H'(Q), € H'(Q, C?),
we use the Stokes theorem:

fx$l~ﬁ(x)dw=iv- (XJ) =ivx-zﬁ+fxv-ﬁ

o9 Q

where 7i(x) is the outer normal vector of {2 when x € 2. So

APy - B = f X@) iRV + bA) - (z)de
9]

f U(z) - (ihV + bA) x(x)dz + ih J @)t (z) - () da

o2

~@1 P+ in [ i -7

o2

Further assume Yy, 1E are magnetic periodic, then X”LE is periodic so the boundary term vanishes.
Thus 2, is symmetric. The symmetry of %3, follows from

%,bHE,LP(Q) = H},LP(Q, C?)

o6



Indeed, if ¢ € H7, (), Prptp € H'(Q,C?) and Py 1) is magnetic periodic since the magnetic
translations commute with &% ;. We deduce that 7, and 7, are symmetric on Hﬁw(Q), SO a
and a' are adjoint of one another and

WNY) = (aplap) > 0 (11.2.19)

Let ¢ € H?, (), now we prove that the norm

¥l g =4/ W)y = | Zredll L

is equivalent to the H' norm. A and its gradient are bounded so (HZ (Q),{®);) is
continuously embedded in (H?, (), [[e]| ). Moreover

[Znell 2 2RIVl 2 = [0AY ]| 2 = B[Vl 2 = DI All o |91l 2
And ||¢|| ;> can be controlled with (I1.2.18) and (I1.2.19)
[¥]|% = G| (2RON + Rb) by = kb |93 (11.2.20)

SO

b
1BV 2 < 9]l & + N 1Al o 191l
Therefore we have the desired continuous embedding:

[Pl gn < C (b, 0) [|19]] (IL.2.21)

Finally to prove that (Dom (%), () ) is a Hilbert space we need to prove that it is closed
in H%(Q). Let 1, € Dom (%) such that t,, — ¢ in H?(£2), the limit also satisfies magnetic
periodic boundary conditions because

Ta¥n = n = [|T20% — 1/)||L2 < ||720® — Tzo¢n||L2 s = 7vZ}||L2 = 2||n — ¢||L2 n:’wo
B Tzow = 2/)

Continuity and coercivity are trivial, if x, 1 € Dom (%),

(KXWl e = KZnpox| Zns)l < | Zroxlla | Zrotbll e = lIxl 2 191l £ (11.2.22)
2 2
@)y = Wl = ¥l
The proposition implies spectral properties of .3 ;.

Corollary I1.2.7: Spectral analysis of the magnetic Laplacian

Ly 18 a closed positive self-adjoint operator and the embedding Dom (%) — L*(Q) is
continuous and compact.
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— Proof:
The positivity of %, follows from that of A'. Using the Lax-Milgram theorem, see results
of [40, Section 2.5, and Lemma I1.2.6 the operator £ of domain
Dom(L) == {u € Dom (%), such that Yv € Dom (%) [(ulv) | < C(u) ||v|| 2}
defined by
Vv € Dom(L),u € Dom (L) , (ulv) , = (Lu|v)

is closed and self adjoint. But this operator is equal to (%, Dom (%)) because it coincides
with %, on Dom (.2} ;) and the required inequality in the definition of Dom(L£) is satisfied
taking C(u) = || Lppatl| 2, thus Dom (%) = Dom(L).

The continuity of Dom (%) — L*(2) has been proved in (I1.2.20). Then, we have the
canonical embeddings

(Dom (Lp) — L*(Q)) = (H'(Q) — L*(Q)) o (Dom (L) — H'(Q))

The boundary of Q is Lipschitz so the left embedding is compact due to the Rel-
lich-Kondrachov theorem and the right one is continuous from Lemma I1.2.6. Thus, the
% composition is compact.

H?,,(€) contains the smooth and compactly supported functions, so it is dense in L*(Q).
We can conclude using the Lax-Milgram theorem [40, Corollary 4.26] that the resolvent of %,
is well defined and compact. Applying the spectral theorem to the resolvent of %, proves that
its spectrum is punctual and L?(f2) is a Hilbertian direct sum of the eigenspaces of % ;. The
same conclusions also holds for the N-body Hamiltonian (I1.1.6) since the magnetic Laplacian
is of dominant order in it.

N inherits the properties of %, in Corollary I1.2.7 and it is well known that

sp(N) =N

Notation I1.2.8: Landau levels

We define the n'" Landau level as the eigenspace associated to n € N:
nLL := {¢) € Dom (%) such that Ny = ni}

The ground level, denoted LLL for Lowest Landau Level has energy Ey = hb.

It is well known that the Landau levels are isomorphic, and that the operator af/v/n + 1 is
a unitary mapping from nLL to (n+1)LL of inverse a/y/n + 1. Using the creation operator, if
we find a basis of the lowest Landau level we will be able to generate a basis of any Landau
level. This is why, in the next session we start with a study of the lowest level.

11.2.3 Lowest Landau level

We start with the following characterisation:
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— Proposition I1.2.9: Lowest Landau level

Denote by O(f2) the set of holomorphic functions, then

LLL < ker(a) € O(Q)e

where ¢ is defined in (I1.2.2).

— Proof:
Take ¢ € LLL, then ay) = 0, using (11.2.6)

_s
. So 3f € O(Q) such that ¢ = fe .

2

(m, — ime)t) = (ihd, + Ky + bA, — ibA ) = (2105 — ibA)Y) = 2(hd= + bd=@)) =

This proves that the zeros of a wave-function of LLL are given by the zeros of a holomorphic
function. Since zeros of a holomorphic function must be isolated, the compactness of the domain
implies that wave-functions have a finite number of zeros. Actually, the next proposition says
that this number of zeros is d defined in (II.1.9), and therefore independent of the choice of

wave-function. One can see [51, section 1] as a reference.

— Proposition 11.2.10: Zeros of LLL wave-functions
If ¢ € LLL, then ¥ has exactly d zeros inside (2.

— Proof:
Let

b= fe ? e LLL

through

f o, In(f 1 é)Zfdz
227r 227T

o9
With Definitions (I1.2.2) and (II.1.3)

B 0y + T 040\ 2
A-T, A= ( 02 — Ty Ond ) =, Vs,

If 7,9 = 1, the boundary condition on f is

=Tz ¢

2 2 1y [
fzezgw_eﬂ""po ZO¢:e 7 +@0Tzof
Using equation (I1.2.24), we get
Op Dy — 10y —10, — O 3—1—&
20,0, — 292P20 " WPs WOy Wak Oy a4 ur 54

2 2

29

and ng be the number of zeros of ¢ which can be computed with the logarithmic derivative

(11.2.23)

(11.2.24)

(I1.2.25)

(I1.2.26)



With equations (I1.2.25) and (I11.2.26), the boundary condition on 0, f takes the form

o—Taqd .

Ro.f—c & 0 (Tol20.f +2(0:6 — Tey0:0) Teo f)

As for lg%, we have

f

of g gttt
;= el

Finally, we can compute the integral in (I1.2.23):

l +20:(¢ — T»y9)

0,

L
2imling = I} (8 f( t)+1 f(L+it) -

Zf
7 7 (t+iL) —i——(q ))dt

f

L
_ _ [ 20.(6 — Tuo)(t + iL)dt + if?@z(gb _Tyd) (L + it)dt
0]

0

— J (20.0(t) — 20.¢(t + iL) + 2i0,¢(L + it) — 2i0,¢(it))dt

0

= J 20,¢dz =i f A(z)dz (I1.2.27)
oQ o0
where the last equality comes from Equation (II.2.6) which implies 20,0 = iA. But the

integral of A over a complex loop can be related to the integral of A over a loop in R?. Let
v = Yy + iy 1 [0,1] — 092 be a parametrization of 0€2:

() = Ay (y(u))7,(w)) du

Il

e
=~
=
2

Q.

I~

+

~.

O%H

_ [ A-dl+ ZJ (Aa(y(w))v (1) — Ay(y(u)) vy (u)) du = JA dl+i J Al . di

oQ 0 a9 a0
s
= A-dl—i—iJV-A: JA‘dl
&0
Combining this with (I1.2.27) and (I11.2.11) we get
l2
27T7’L0 = L—b2

. so with (II.1.9), we conclude that ny = d.
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An elliptic function can be expressed as a rational function in terms of the Weierstrass
elliptic function and its derivative. In the case of magnetic periodic boundary conditions we
will see that we have a decomposition in terms of theta functions from which we construct our
basis of LLL. A similar proof of the following proposition can be found in [53| or [29, Chapter V
Theorem 8§].

— Proposition 11.2.11: Degeneracy of Landau levels

Landau levels have a finite degeneracy and

Vn € N, Dim(nLL) = d

— Proof:

Since all Landau levels are isomorphic, a proof for the lowest Landau level is sufficient. The
Landau level dimension is independent of the gauge, for simplicity we use the Landau gauge
in this proof.

In Landau gauge (I1.2.4), the boundary condition on f in Equation (I1.2.25) becomes

2
y2—(y—yg)? _ Y0 _ :Y0%

O b flz—z)=€ % % f(z—2)

using equation (II1.1.9), this can be rewritten as
flz=L) = f(z)
£,
flz—iL) = f(z)e*
The periodicity along the real axis allows us to expand in Fourier series:

f(z) = > cwly)e®™ i (11.2.29)

kezZ

Lz

T = f(z)emtHmiz (I1.2.28)

The holomorphy of f implies that
227Tk . ik
20:f =0=) < 7 ok(y) + w%(y)) S

k

Solving the EDO in y that we obtain by identifying the Fourier coefficients gives
cr(y) = cr(0)e >
Plugging this in (11.2.29) leads to

f(z) = ex(0)e™E (11.2.30)

Finally we impose the pseudo-periodicity along the imaginary axis (I11.2.28):

Z Ck(o)eZiﬂk%JrZﬂ’k _ 2 Ck(o)eﬂd+21ﬂ%(k+d)
k k

Identifying the Fourier coefficients
€™ = cp_ge™ (I1.2.31)

# implies that they are only d independent Fourier coefficients.
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We will prove in the next Section that the above relation between Fourier coefficients gives
a decomposition of f in terms of theta functions.

I1.2.4 Magnetic periodic eigenfunctions

This Section contains computations of the eigenfunctions of .3 , with magnetic periodic boundary
conditions.

Notation 11.2.12: Theta functions

Let 7 be a complex parameter in the upper half plane, we define
O(z,7) = Z eim Tk +2imkz
keZ
Theta functions are pseudo-periodic:
0(z+1,7) =6(z,7)
0(z+1,7) = 0(z,7)e” (T +2)

We complete the computation of Proposition 11.2.11 and express the wave-functions of the
magnetic Laplacian (II.1.1) in term of theta functions.

— Proposition 11.2.13: LLL wave-functions

The following family, indexed by [ € [[0,d — 1], is an orthonormal basis of the lowest Landau
level in Landau gauge:

i . 2imkd — L (y+kL+1%)°
'@Z)Ol(z) — WTZ)‘Q%ML Z . L 22 (y-i— + d) (11232)
keZ
a7F -2 o z
= e T WY <dz +z’l,id> (11.2.33)
b
©-

— Proof:

With the same notation as in the proof of Proposition I1.2.11, we prove by induction that
Clakd = Cle_QWkl_Trde (11234)

This is satisfied for &k = 0. Using (I1.2.31) and assuming the relation (I1.2.34) for k € N,

wd—2m(l+[k+1]d) —27kl—mdk® —md—2m (I+kd) _ cle—Qﬁ(k—l-l)l—ﬂd(k—i-l)Q

Cl+(k+1)d = Ci+kd€ = qe

o o 2
at this point we are done for k = 0, but ¢; = ¢4 pge>™ ™% 50

2rk(l—kd)+mdk? _ 2kl —mdk? —270(—k)l—md(—k)>

Cl—_kd = Ci€ @e = &

and we obtain (11.2.34) for k£ < 0. Inserting (I1.2.34) in (I1.2.30) gives

d—1 d—1
Lz irkd 2 il 2 _ o dk2 4% kd 2
f(Z) _ Z 627,71'ZL Z Cl+kd62z7rde _ Z Cl627,7rlL Z e 2mkl—mdk?+2iTkd %
=0 kezZ =0 kezZ

62



2 z R
_ Z Cle27,7rl Z ewr (id)k +2z7rk = +zl Z a 62z7rl (dz + Zl,Zd)

keZ

We found a family of the lowest Landau level indexed by [ € [[0,d — 1]] with expression in

Landau gauge. We need to normalise this family and to verify that the wave-functions are
orthogonal. We start by proving that

¥ L 9imiz z P e o 2i7rk:d£—i(y+kL+l£)2
e T (A2 +il,id) = TTEME Y W ‘
kezZ

Using (I1.1.9),

2 2
— s 42wl £ z — Y5 +2inl £ 2 o
2 L o o 2 L — — 2
e 207 9 d= +’ll id) = e 212 e mdk 27Tkl+2z7rde
L b
keZ
2
% . .
eQin% Z e—gl—g—%rl%—ﬂdk —27rkl—27rkd%+227rkd%
kezZ
1 (y2 L7212 L2
_ aints Z 62mkd£——§( +2y L+ L2k + 2k L7 42k Ly)
keZ
2irkd% — Ly (y+kL+1% )
Jr2171'l5C Z 212
=€ d e
keZ

Finally we check the orthonormality. Let 0 < [ < ¢ < d,

iy ﬁ Z r‘eQiﬂ(qfl)%JrZiﬂd(pfk)%*%(y+kL+l )~ (y+pL+q§)2dxdy
k,pez;)
L L . )
_ 1 Z f‘e2m(q L dlp—k]) idxfez y+kL+1L) fﬁ(y+pL+Q%) J
ﬁle k,pEZ‘é 0

Since 0 < ¢ — | < d we have a simplification:

L
f€2iw(q—l+d[P—k])qu; = L(Slq(skp
0

Therefore

% (y+hL+1% )

<¢0l‘7/’0q> lq \Fl ’;J dy = 5lq

One can check that the above wave-functions satisfy the boundary conditions (I1.2.5). Using
(I1.2.32) we observe the L-periodicity along the real axis. Along the imaginary axis we increment
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the index k by 1

1

i & 27rkd£—# k+1)L+1% @
wOI(Z +ZL) 4 2’LTl'l 26 g 12 y+( +1)L+ ) 721,7rd 2/} ( )
kezZ

and obtain the magnetic periodic boundary conditions in Landau gauge (11.2.4). The lowest
Landau level is generated by successive magnetic translations:

— Corollary I1.2.14: Generation of nLL with magnetic translations

Ifle0,d—1],
l
Yoo = (7'_,,> Yoo = T_ZlLLDoo (I1.2.35)
®»
— Proof:
©,Lan = _l_2 defined in (I1.2.4) is linear in zy and independent of y, thus with (I1.2.1),
Lo e
T L=e€ dlg T_Z'A _ GQZFZT_iQ
d d d
and
l . l
T gk = (T_zg) = ™1 (T—i§>
# With this, (I1.2.32) can be written as (I1.2.35).

In order to obtain a full basis of L?, we only need to apply successively a' to generate the
Landau levels and 7_, L to generate the wave-functions inside a Landau level. The successive

applications of a' bring out Hermite polynomials.

Notation I1.2.15: Hermite polynomaials

n ° l s,

We recall some basis properties of Hermite polynomials that will be useful: Hy = 1 and for
all n e N we have the relations

Hyp = 2zH, — H, (11.2.37)
H,(—z) = (—1)"H,(x) (I1.2.38)
H, =2nH, (11.2.39)

Using this, we can give expressions for the full basis.
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— Proposition I1.2.16: nLL wave-functions

The following family indexed by (n,1) € N x [[0,d — 1] is a Hilbert basis of eigenfunctions of
24 in Landau gauge:

Yy = % ( ,%> Yoo

Cnoimie L 2imkd 2 — L (y+kL+1L)>
_ 217rl ZH ( ly+kL+l_:|) L 21§(y+ 4 d)

I1.2.40
- (11.2.40)

with the normalization factor

— Proof:

Due to (I1.2.17) the order of application of the magnetic translations and the creation

operators does not matter. Also, due to Corollary I11.2.14, it is enough to deal with [ = 0. In
order to lighten the computations we define the dimensionless variable

y+ kL
Ly

We proceed by induction in n. The initialisation is given by Hy = 1 and (I1.2.32)

Yk =

¢OO Z H 217rk:d£——
keZ
In complex notation a' (I1.2.15) becomes in Landau gauge
—2ho, — —1 Yy
p— l — (=04 =
a 570 \/> 20,0, — \/ilb \/5 ( b(lﬁz T &y) T lb)
SO

Cn+1 Y 2imkd T — —%
n l Z@ aF 0 Hn e L 2
\/77#00 \/7?? 0 = é( b( y) + lb) (Yx)

Cn, imkdE i
=5 ([m_ i+ ﬂ Hi(y) - H;<yk>) e
keZ

2

F 2 [2yx H., (yx) — H, (yx)] p2imkd s~k

% where the last equality uses (I1.2.37).
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As expected with our boundary conditions the modulus of the wave-functions:

¢ 1 L 2imkd — 2y (y+kL+1%)?
— N'H, (- |y+kL+1= Lo g 11.2.41
VI, ,; (lb [y dD ¢ ’ ( )

is periodic on the lattice LZ?, but the periodicity along the real axis is even shorter. Indeed we
see in (I1.2.41) that |¢,,| is L/d-periodic in z.

anl| =

We can write another useful form of equation (II.2.40) using the Poisson summation formula.
The advantage of the expression in Proposition I1.2.18 is the fact that the index [ is decoupled
from the polynomials and the Gaussian factors which is not the case in (I11.2.40). This will
simplify the computation of the Landau level’s projector when we will sum over [ in (II.3.5).

— Notation 11.2.17: Fourier transform

We use the convention

Folv) = i) = = [ gla)eda

for which F is unitary on L?(R). And denote the Hermite function

[§]

a

P ho(x) = H,(x)e” = (I1.2.42)

In this convention the Poisson summation formula is

Y 9(k) = v2r > §(2rk) (I1.2.43)

kez kezZ

h,, are the eigenfunctions of the one dimensional harmonic oscillator and of the Fourier transform:
Fhy = (—i)"hy, (I1.2.44)
with the following normalization
I hnll2e = v/m2"n! (I1.2.45)

With this we are ready for the next computation:

— Proposition 11.2.18: Poisson summation of eigenfunctions

Ry lbe—i% o 1 . k£ 6—2iwk(%+é)—%(w+k%)2
'¢nl n~_3 n I
2 b

2

with the normalization factor
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— Proof:
We start from (I1.2.40) expressed in terms of h,,:

n 171':” L imkdZ
Y(2) = ™ N hy, < l +kL+lE])eQ kd

kezZ
Define
1 L x
g(u) = h, y+ul + 1= | ) 2™t
lb d
so we have
Cn  oimie
I = — k 11.2.46
) = 2= 30 (11.2.46)

in order to apply the Poisson summation formula to g. To do so, we compute g with a change
of variable and equations (II.1.9) and (II.2.44):

g(v) \/Tf (l [ +uL+l§]> e~ u(v=2mdE) gy,
s b

so by using (I1.1.9) again:

gark) = T gi(3+h) Critmag) ), (ml_b_z)

L L 1
"y —iZ—2im v 1 L
( 72 b 2 =2 lLe2Z7rk5(f é)h (lb |]€E o .T])

To conclude the computation we insert this after applying the Poisson summation formula
(11.2.43) to (I1.2.46):

Yu(z) = Cn_ 2iml \ﬁZg (27k)

m keZ
= (& . \/ﬂ(_rﬁ lb =05 ZH l k£ . teﬂk(%Jré)fQ}g (k§71)2
Ly L kez "\ | d
—3ZY —imk( 2L L (pipL)?
— o S, (L e sE]) )
L> kez Iy d

by changing the sum index k to —k, using the parity of Hermite polynomials and the relation

cnV2m (=) = ¢,
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I1.3 Projectors on Landau levels

From the construction of an L?(Q2) basis adapted to Landau levels, we define the projectors on
Landau levels in Notation II.3.1. Since the phase space is N x €2 we also want to localise the
projectors in space. Then we prove some properties of the projector that will be needed for
the semi-classical analysis. In Proposition I1.3.4 we give an equivalent for the diagonal of the
projector’s integral kernel, and in Corollary I1.3.6 an equivalent for its trace.

I1.3.1 nLL projectors
— Notation I1.3.1: Projectors

The orthogonal projector on nLL is

d—1
Hn = Z |¢nl> <¢nl|
1=0

Let g € C*(R?,R;) radial with support included in the ball B(0, L/2) such that ||g||,. = 1.
Let A > 1, define the localizer g, € C*(T) defined by

Ag(\x) ifzeB(0,L
g)\(x) — g( ) ( 2>\>
0 else

Note that
lgallz2 =1
VX = (n,R) € N x Q, define the localised projector
HX = Hn,R 3=g>\(0 - R)HngA(O - R) (1131)

We assume the following scaling for A .= (Ax)n:

[NIE

N-
l« A s (IL.3.2)

This localised projector was introduced by Lieb, Solovej and Yngvason in [19] and [23] where
it has been called coherent operator. We take the bounds (I1.3.2) in order to have g =~ § so the
projector is well localised and

2
h—)\ = hbAl, <« 1
ly

This is necessary because hbAl, is the order of some error terms coming from the kinetic energy
(for example in Proposition 11.6.7).

The projectors satisfy the following resolutions of identity:
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— Property 11.3.2
VX = (n,R) e N x Q1II, and IIx are positive and

I, =1d, f Ixdn(X) = 1d (I1.3.3)

neN NXQ

— Proof:
Let ¢ € L*(Q)
W 50y = (g(o = R)Y|Tug(e — R)) > 0

because II,, is a projector. The first resolution of the identity is a consequence of the
completeness of the basis and implies the second one:

| mxdnce) = [~ B (Z Hn> (= R)iR = [ n(- - RPaR = 1d

% NXQ Q Z= Q

11.3.2 Integral kernels of the projectors

The computations of Section II.2 lead to the following expression of the nLL-projector’s kernel.

— Proposition 11.3.3: Kernel of the nLL-projector

With notation (11.2.42) and = = x + iz2, y = y1 + iya,

Il,(z,y) = ———e€ % H, z1+ k H, +qgL + k
(=:9) 1Bl 72 Ll ) <lb l ' dD <lb [yl ! dD

k,qeZ
imkY2— 12 indg?2 ——5 (z1 L (1 Lye
| kg2 gy (e14k ) i (n+al k) (I1.3.4)
@
— Proof:
From Proposition I1.2.18:
o B 19192 il d—-1 L 1 L
M,(z,y) = 75e 2 2 Hal o [m+ k| ) He oy
1=0 k,peZ
.62171'1” k+2z7rpy2 kzg_%(m-ﬁ-k ) 21% (3/1+Pd)2
Then, we use
-1
Z p2imlEZE _ d1p—p (mod ) (I1.3.5)
1=0
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to conclude. The computation of the normalization factor can be performed with (I1.2.45):

2 21 1 1 1

n

Ol = =50 — = B TP A
! "B o T T Vel T e L

The above simplification for the sum in [ is the reason why we used the Poisson formula on
wave-functions. The argument does not work on the expression in (I1.2.40) since the Gaussian
terms depend on [.

If we consider the same setup on the whole space R? instead of 2, the expression of the
projector in Landau gauge becomes (see [22, Section 3.2]):

1 7|w7yl+i1m[w§] 4i¥1y2=roT]
HBO(SU,Z/) - 5 126 B w2 B
m
b

The next proposition states that the diagonal of the projector’s kernel on €2 converges to that
of the projector on the whole space. This is expected since the limit is equivalent to a scaling

where the size of the domain goes to infinity. This result will be important to estimate the trace
of Hn,R-

— Proposition 11.3.4: Convergence of the integral kernel

The kernel (I1.3.4) satisfies

1
Hn(z’ Z) b—~>oo 271'12
uniformly in z with the convergence rate
1 C(n)
II,(z2,2) — — < I1.3.6
' G2 =l < T (IL.3.6)

Moreover with notation (11.2.42),

(Pl (2 2) — 2 — L f (Z’W“)) (e dul| <Cmp  (1137)

by 27 ||, ) \tha(u)
R Lo
@
The proof needs the following technical lemma.
— Lemma I1.3.5
Let m € N, ¢ > 0, the following series are uniformly bounded in «;, a, b:
VaeRy,a,be[-1,1],a Z la + b+ ag™ e@)* < C(c,m) (I1.3.8)
qeEZ*

Va e [0,1],aeR,be [-1,1],a Z la + b+ ak|™ ool < C(c,m) (I1.3.9)

keZ
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Moreover, if P,,Q, are complex polynomials of degree n, the function

Sz =y, 2 <l1b lm—i—k DQ”( [x+qL+k§D 2imqd — gty (w+ )"~ gl (w+al k)

k,qeZ

1
is of order — and can be uniformly approximated as
b

L P, (0)Qn(uw)e “dul| < C(n) (11.3.10)
27le
R

[1]

z) —

Lo
&

— Proof of Proposition II.3.4:

We start from (I1.3.4):

1 1 L 1 L -
n(2,2) = ——5— Z hn (lb lfﬁﬂfd]) b, <E lx+QL+k5]) emadT

||hn||/:2 Ll k,qeZ

We apply Lemma I1.3.5 and thus compute

1 zb> 1 L 1

—— || 5y + 2mu duy=— — = ——_

thH%ﬂ le f (lb L le 27le 27Tlg
R

and obtain (I.3.6). Starting again from (I[.3.4) and using notation (II.3.11), we compute in

Landau gauge

(P plln)(,y)

1haz1 e be) 1 y1y2 1112
= : _— Py (Kb zy) P (Kbyy+q1) - €
( i, s Ly ,éz L

2imk y2 2 +2'L7rdq

1 lw h < ih/ (kb ) ) ik Y2772 2}
=—F%¢€ (s 2 — n L1 h kb K 62171' 2 +2imdg¥?
th“iQ Li, kogeZ ly kbw1 h’n (kb7$1) n ( Y1+q )

So

b i (K. o
(@h,bnnxza 2) I — Z ( ! n( > ) )hn (kb,w+qL) 62 day

|3 L Kbzl (o)

and with Lemma I1.3.5,

L b [ (@)Y, e
(Pralla)?) = 5 f (uhn<u)> ho(u)edul| < Cn)b
LI)

Finally, we compare the trace of 11, r to the trace of the projector on the whole space.
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— Corollary I1.3.6: Approzimation of the projector’s trace

C(n)
ly

— Proof:

This is a direct consequence of Proposition 11.3.4 after integrating on z € €2:

1 1 1 1
Tr[IL, | = | II dz = — R)d — ) =— -
I (1L, ] J B2, 2)d2 o2 a(z—R)*dz+ O (lb) 2l +0 (h;)
Q Q

We end this section with the proof of the technical Lemma.

— Proof of Lemma I1.3.5:
Step 1: Proof of (I1.3.8) and (II.3.9)
Let e Ry a,be[—1,1]. If ¢ = 2 then ¢ < 2(¢ — 1) so
Vuelqg—1,q),la+b+ agq™ gdoied” < (2 + 2au)mec(e+ow)?

and

2

< J(Q + 2u)™e~ @ quy < Clc, m)

a0
a Z la + b+ ag|™ e’ < J(Z + 20m)me~catow)
i R

q>2
the term for ¢ = 1 is
ala+b+ame @) < ©

for the negative ¢, we see that

a Z la +b+ ag|™ e=clatea® _ Z |—a — b+ ag|™ emel-atar)® o C(c,m)

g<—1 q=1

because —a, —b e [—1,1].
For (11.3.9), let a € [0,1],a € R,b € [-1,1]. We see that the series is a-periodic in a so we
can assume 0 < a < 1 and use (I1.3.8) and for k£ = 0:

ala+b™ e <2

Step 2: Approximation of =

Due to the Gaussian factor in =, all terms for which ¢ # 0 have a fair chance to vanish when
ly, — 0. Thus, we focus first on the term indexed by ¢ = 0. To simplify notation we introduce

1 L l
Ubg = T <x + ug) L yomu? (I1.3.11)
b
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E(u) = By (u, )Qn (up0) €
Elgro(2) = E(z Zf

keZ

1;25 ;P< l DQ"< lx+kﬂ> b (k)

is the term for ¢ = 0 and Zj.0(2) contains the other terms.
Note that = is L/d-periodic in = so we can choose z € [0, L/d] and

SO

T lb
< Y
P <2 2,0 (11.3.12)

For ¢ = 0, if we replace the sum in k£ by the associated integral we obtain:

f §(u)du = L P, (w)Qn(uw)e ™ du
27le
R R

which is the approximation in (I1.3.10). For the convergence of the Riemann sum, we compute
the derivative of the integrand. There exists R,, a polynomial of degree 2n + 1 such that

l
§'(u) - 27T£Rn (ub,:v) e_ub’IQ
Now, use the mean value theorem:

k+1

lb —up 2
ff Z J (K u)| du < QWZZ sup |Ry (upz)| e "= (11.3.13)
k:eZ keZ

keZ k<u<k+1

To control this we only need to control monomials. If k <u <k + 1,
|ub,z |m 67%’12

< Jhiyal™ 70" + |(k + 1),

2
_kb,z

m m
e~ ® e’ 4|k o™ e~ B+’ 4 ‘(k: +1),,

&

e m
= |kb7x|m e—kb,:CQ + ‘(kj + 1)b’x‘ 6_(k+1)b712 + ‘(k‘ + 1)b7x_% e_(k,_,’_l)b’zQ + —kb7x2

b,x-i—%

Thus after some change of indices,

lb — 2
2’/Tzz sup |up.|" e e <2WZZ<2\kbx|m+‘km_£ —I—’kag >e Fo.2
I’ K 5 d Pl d
kez Fsusk+1 ez

[ Iy [
Using (I1.3.9) with o = 27rzb —0,a = E, be {0, 27rL —27?%} e =
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Step 3: Control of =,
Let € > 0, with Young’s inequality:

T ly L e/(x Iy S| L\?
— | Z+2mk2 ) ¢= < = =+ 2mk= — (¢=
(lb e L) qlb 2 <lb e L) * 2¢ qlb

2]

SO

1(a B\ _1(a b, L W\2 (1 1\(.L)2
o (o) —g(Framepraf)”  -(1-5)(F+omk) -(3-%) (o)

We take € = 3/2. As in (I1.3.13), we need to deal with monomial terms of the form

m m iff a 2 1 2
Z L + 271-]9[_” q= B*Z(T” ’“%) *a(qg)
syt ly L ly
by using
. . L 1
e (II.3.8) for the sum in ¢ with a = l—,a =0,b=0,c= 5
b
. . ly T 1
e (I1.3.9) for the sum in k with o = 27— - 0,a = — > 0,0 =0,¢c = -
L Iy 4
We conclude that
— L 1
‘:quéo‘ <C(n)—-—=0C(n)
ly L
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II.4 A Lieb-Thirring inequality

In this section we prove a Lieb-Thirring inequality for the magnetic Laplacian with magnetic
periodic boundary conditions:

— Theorem I1.4.1: Kinetic energy inequality

Let v € L1(L*(Q)) a positive operator, then for large enough b,

C 1Vl 2o
f p2 < %Tr [%57] (11.4.1)
9]

Moreover if ¢y € L2 (QY) with |[¢n]2 =1,

2 C C
|52, < =T [ Zhnfl] and fvp;}; < =T [Zunl ] IV (11.4.2)
Q
c
fwf’ff])v < ol [fn,wfplﬁ] [wl| - (I1.4.3)

QQ

This result is well known in the absence of magnetic field, see [47, Theorem 5.2|. Here, we
adapt the proof of [13, Chapter 4] to magnetic periodic boundary conditions. To achieve this we
prove the following sequence of inequalities: a Kato inequality (Lemma 11.4.2), a diamagnetic
inequality for Green functions (Proposition I1.4.5), a Lieb-Thirring inequality (Theorem I1.4.6)
from which we deduce the inequality on the kinetic energy (Theorem 11.4.1). The reader already
familiar with Lieb-Thirring inequalities might jump to Section IL.5.

11.4.1 Reduced densities

We give some usual properties of the reduced density matrices, see Notation I1.1.6. Let vy be
an N-body density matrix, since the Hamiltonian only contains one-body and two-body terms,
the quantum N-body energy in the state vy only depends on the two first reduced densities:

Tr [%N'YN]

N =Tr [(gh,b +V) ’VJ(\P] + Tr [wfy](\?)] (I1.4.4)

moreover, reduced densities inherit trace and Pauli principle from ~y:

w _ KN —=E)!

k
T =1 o< <« (IL.4.5)
We can also express the reduced density matrices in term of integral kernels:
VD @1, Y1) = YN (T1:ks Thot 1:N5 Y1k, Tht1:N ) ATk 4 1:N (I1.4.6)

QN—k
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The reduced density matrices are symmetric under permutation of coordinates:

Vo e Sk7 ’7](\];) (xa(lzk)a ya(lzk)) = '7](\];) (xlzka yl:k)
and consistent:
Vq e [[1 : k]] 7’71(\?) (xl:q>y1:q> = f ’VN(%;q,$q+1:k;yl;q7$q+1;k)d5€q+1:k
Qk—a

Note that the reduced densities pgfv) inherit the symmetry and the consistency from the reduced
density matrices.

I1.4.2 A Kato inequality with periodic boundary conditions

One can look at |6, Theorem X.27| for a proof of the Kato inequality in the non magnetic case.

— Lemma I1.4.2: Periodic Kato inequality

Define the complex sign

s(w) = 4 Tl it u#0
0 if w=0
Let ue CP(Q) then |u| € H'(Q) and
7V |ul| < | Pnpul (I1.4.7)
Moreover if |u| is periodic, then
—h2A |u| < Re[s(u)Zpul (I1.4.8)

in the weak sense on CX(€2), or equivalently, Yo € C° (Q,Ry),

—h? f lu| Ap < JRe [s(u)Zhpu] @
) )

CH
— Proof:
Step 1: Proof of (I1.4.7)
Start with
1 1
§hV uf® = §hV(ﬂu) = Re[ahVu] = Re [u (AV — ibA) u]
hence taking absolute values,
2
h% < |ul | Phpul (I1.4.9)
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Define

ue = A/ [uf® + €2 e C(Q,R%)

Using (I11.4.9),

AV |ul?|
- 1<

hVu,
| Vu| 2ue

M |¢@h7bu| < |<@h,bu| (11410)
Ue

So Vu, is bounded in L?*(2,R?) and converges weakly to v € L?(Q, R?) up to sequence of e.
Let p € CF (int(Q),R?), since ¢ € L* (Q,R?) and 0 < u, — |u| < ¢

fv'apzlimJVue-cpzlimepr:f|u|V-cp
0 0 0 Q

so v = V |u| and the bound (II.4.10) passes to the limit and we obtain (I1.4.7).
Step 2: Proof of (I1.4.8)

We use polar coordinates:
u = |u|e”
Let x € Q, if |u| (z) # 0, |u| is smooth on a neighbourhood V,, of x where |u| > 0 and thus

Vil = MV |u| > V |u| pointwhise on V
u

€

e = u/ |u| is also smooth and up to another restriction of V, we can invert the complex

exponential so ¢ is smooth. Under these conditions, we can do a direct computation and use
Cauchy-Schwarz:

Re [s(u)Zhpu] =Re [e™ (=h2A + 2ihbA - V + ihb(V.A) + [bA[?) |u| €”]
= — 1*Au| + Re [ |u| e “h*Ae® — 2ih>V |u| - VO + 2ihbA - V |ul]
— 2hb|u| A - V6 + |u] [pA]?
= — B2A Ju| + Re [—ih? [u| AO + |u| h* |VO|*] — 2Rb [u| A - VO + |u] [bA?
— — R2A Ju| + B2 u] |VO]* — 2hb |u| A - VO + |u] [pA]* = —h2A |u
Note that if u(z) = 0 then z is a local minimum of u, so

Auc(z) =0

Let ¢ € CF (©,Ry), since u. and ¢ are periodic, the boundary terms vanish in the following
integration by parts:

JueAgo = f(pAue > f AU, (I1.4.11)
9 9 Q-1 ({0})
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Now we take € — 0, u, converges uniformly to |u| so

JU€A¢ —>0J|u| Ap (I1.4.12)
Q Q

Using |u| < u,, when u(z) # 0,

B 7 N 7 A 1 ey 1
3

Au =V - > DAy (IL.4.13)
U€ ue /U’E E
so (I1.4.11) implies that
UAp = MA
Agp > oA Jul (IL.4.14)
Ue
Q Q\u~'({0})
With dominated convergence using inequality (I11.4.13),
|ul
o— A |u| -~ ©A |u (I1.4.15)
U e

Q\u=1({0}) Q\u=1({0})
With (I1.4.14), (11.4.12) and (I1.4.15) we have
(I e N
Q Qw1 ({0})
we can conclude that

—h? J lu| Ap < — B2 J YANITIIES J Re [s(u)Zhpu] ¢ = JRe [s(u)ZLhpu] ¢
% Q QN\u—1({0}) N\u—1({0}) Q

I1.4.3 Diamagnetic inequality

The main lemma for the Lieb-Thirring inequality in the magnetic case is the diamagnetic
inequality in term of Green functions because it allows to restrict ourselves to the non magnetic
case.

— Notation I1.4.3: Green functions

The resolvents of —h?A with periodic boundary conditions and L are well defined for
A>0:

Goay = (Gp+ A1 Gy=(-R*A+ N

% Their integral kernels define the corresponding Green functions.

They have the following properties:
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— Property 11.4.4

Let x € Q, then Gya(z,e),Gy(z,0) € L*(Q2) and

Gr(z,9) = CAz —y) = Crly —2) = — .

— Proof:

The periodic Laplacian is diagonalizable in the plane wave basis indexed by k € %Zz:

1 .
ex(z) = Zelk"”

Indeed

—RPA+ A= ) (PR + ) lex) (exl

ke2rz2

SO

Gi(z,y) = T2 ; [EIETE Y

ke=rz2

A change of index k == —k gives G)(x,y) € R. Let f e L*(Q), since G, f solves
(—R*A+ Nu = f,ue H(Q)
by the Lax-Milgram theorem, GG f is the unique minimizer of the following functional

T () ::J(h2|Vu|2+)\|u|2—fu) da

Q

Assuming f > 0, we see that J(u) > J(|u|) and conclude that Gf > 0. This implies
Gi(z,y) = 0. Finally,

—h2A+)\>)\and$h7b+)\>)\

SO

1GAl e <

1
and ||Gpan|l e < X

> =

# and Gypan(z, ), Ga(e,y) € L2(Q).

Now we prove a diamagnetic inequality:
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— Proposition I1.4.5: Diamagnetic inequality for Green functions

For all z € Q2 and for almost every y € 2,

|GbA,)\(x7 y)| < G)\(l’, y)

— Proof:
Let ¢ € C*(Q), by definition

JGbA,)\ (z,0) (Lrp+A)p=GCGrar(Gp+AN)p=09p
5)

so, in the distributional sense
(Lhp + A) Goaa(w, ) =0, (I1.4.16)

Let p e C*(R?, R, ) radial with support included in the ball B(0, L/2) such that ||p|/;, = 1.
Let n € N*, define the localizer p,, € C*(T) defined by

n’p(nz) ifxe B (0,4
pn<x) — p( ) ( Qn)
0 else

Since p,, is periodic, the regularisation
Uy = Gpaa(w, ) = p, € CF(Q)
Thus, equation (I1.4.16) becomes
(Lo + N) Up = 05 % P = palz — ) (I1.4.17)
We estimate
Re [5(tta) (Zhp + A) ] = Re [5(1s2)pn(z — #)] < pu(z — #)

Then we apply Kato’s inequality (I1.4.7) to wu,, use s(u;)u, = |u,| and obtain

(=R*A + X) |ug| < Re[s(un)Zhpus] + Alug| < po(z — o) (I1.4.18)

in a weak sense on C°(€2)*.

Similarly as (I1.4.17),
(=h*A + N)pn + Ga(e,y) = paly — o)

Thus testing inequality (I1.4.18) on p, * Gz(e,y) € C;X(€2,R,) we get

f )l — 2 < f ol — 2)pn * Calo, ) (2) 02
Q 9]
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With the changes of variables t .=t +z —y, 2 := 2 + x — y and Property 11.4.4,

|Goan(z, o) * pp| * pn(y) < ffpn(x — 2)pu(z — )GA(t — y)dzdt
QQ

— fj Pn(2x —y — 2)pp(z — t)GA(t — x)dzdt
QQ
=pn * pn * Gr(z,0)(22 — y) (I1.4.19)
If ¢, — ¢ in L?(Q), by Young’s inequality

1o * n — @2 < |lon * (On — @)l g2 + llon * 0 — @l 12
|

<
< lonllpr llon — @llpe + llon = 0 — @Il njmo

Fix z € Q, with Property 11.4.4 up to a subsequence, |p, * Gpar(z, )| — |Gpa(z,0)| in
L*(92) so

|Goan(@, @) % pul * pu_— [Gran(@, o)
in L?(Q2) and up to another subsequence almost everywhere. Similarly, almost everywhere
Pn * Pn * G}\(:L‘7 .) - G)\(ZE, .)
n—0o0

So passing to the limit in (I1.4.19), for almost every y € Q,

Py |Grax(z,y)| < Ga(z,2z —y) = Gi(y — z) = Gi(z,y)

11.4.4 Lieb-Thirring inequality

We would like to prove a kinetic inequality of the form

C
Tr [vLhs] = in
[iod P2
Q
with v € L1(L?(Q2)) a positive operator. We will deal with the magnetic field with the diamagnetic
inequality and use Lieb-Thirring inequality for the Laplacian. But the previous inequality for
the Laplacian is false if we take v == |eg) (€|,

g _ @
Tr[-Ay]=0< = = JpQ
S~ T

To avoid this, we add 1 to the Laplacian so that the constant mode has a non-zero energy.
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— Theorem I1.4.6: Lieb-Thirring Inequality
Let Ve L*(Q,R,),

—Tr [1($h,b+1*V)<0 (Zﬁ,b +1-— V)] < 9 fV(IEle‘ (H420>

— Proof:

Step 1: Birman-Schwinger principle

We denote N, the number of eigenvalues of %, + 1 less than or equal to A\. From [13,
Section 4.3],

“Tr |14 11v)<0 (G + 1= V)| = f NydA

Define the Birman-Schwinger operator
K A = \/?GbA’)\\ﬁV

and let B) be the number of eigenvalues of K, greater or equal to 1. We use the diamagnetic
inequality to restrict to the non magnetic case. Since G4 ) is positive, we can define its
square root. Using the arguments of [13, Theorem 4.4] we can deduce from Proposition I1.4.5

the diamagnetic inequality for /Gpa x:

[VGoan(@.y)| < VGr(a,y)

Hence with Proposition 11.4.5,

GEarten)] = | Grartz, v/ Goaalz e < | Gala2)v/Gale )iz = Gw,w

Q

So taking m = 3/2 and using an inequality on the traces of powers (see |13, Theorem 4.5|),
Ny =B\ < Tr[KY] < Tr [V KPVE] < fV(l’)m |G yi1 (2, @)| da

< JV(m)m Nip (2, x)dx
Q

So we obtain

—Tr [1<$h’b+1_v)<0 (.,g/ﬂh’b +1-— V)] < J V me l‘ x)dxd)\ (11.4.21)

}—‘Q)‘g

Step 2: Estimate of GV'(0)
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The kernel of GY' is

K= & @

ke2zh 72

We use the integral bound for the sum

SO

with
> = I( )—J ! du < oo
m — = (1 +u2)™ "
R
Similarly
1/ L\™" 1 I(m)
G (0) <= (—) > = == —
eI E\ (G (e )"
<)\—_m+ [(m) —m-‘r%
L2 2rhL
2m
) ([ e [
AR (e G R (e (&))"
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AT I(m) 1 1 _

< _)\ m+ I I _ )\ m+1
2 AU TRl U0 (m 2>
C(m)

h2

—m+1
< AT

since A = 1. We need m > 1 for the integrals to converge.
Step 3: Conclusion
We use the same trick as [13| changing the potential to

) s (7 1.0)

Combining this with (I1.4.21) and the change of variable

. QV)fx)’d)\ _ _2‘;(2:1:)dlu
we obtain
—Tr [1($n,b+1fv)$0 (3}175 +1—- V)] < Ci(;n) JPJA_m—H max (V(I) — %, 0) d\dx
1 Q
2V (x)
C(m) ( 2V () "
S ([ ) e
o) [ [2V() w V@ N\
w2 (J I (b= 1) )
o \1
_Cm) (e [ [ ="
P SJ) V(x) lf e du | dx

The integral in p converges if 3 —m > 1. To conclude we need 1 < m < 2 hence the choice
. m = 3/2 is convenient.

This leads to proof of the Fundamental inequality of kinetic energy:
— Proof of Theorem 11.4.1:

Step 1: Inequality for p(ulj)

N

With the variational principle and the Lieb-Thirring inequality (11.4.20),

Tr [(Zhp + 1) y] =T [(Lhp + 1 = V) 7] + Tr [Vy]
= ||’)/||£oO Tr I:l(gh,bJFl*V)go (o%h,b +1— V)} + Tr [V’Y]
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_ Cur ||7Hgoc JVQ JV

Then choose V == Cn1, <cpy:

h2

C 0
T (o + 1> O (1- ey 2les) [

pysc

The constant preceding the integral is maximal when

h?
o)V e L —
N 9C Ml
and we get
T [+ D] > — [ o
b Crr Il J P

pysc

Since %, = hb,
Tr [Lhpy] = ROTr 7]

so because hb — o0,

(I1.4.22)

1
Tr [(gh,b T 1) ’}/] <1 I hb) Tr [ghl)")/] < CTr [gﬁqbﬁy]

With this and monotone convergence we take the limit ¢ — oo in inequality (I1.4.22) and

obtain (I1.4.1). Applying this to (I[.4.5), we have

1 (1) l; m |2 2
w1 [“% ’“’WN] >0 Hp N || 2 > ONi; ‘
H%N Lo

. : (2)
Step 2: Inequality for p,_

For the second reduced density, by symmetry

¥ (v ] - e [un2]) - (o
= <1/JN (i L p(Ti) — % i w(zy — wj)) ¢N>

szl N =2
> <¢N > (gh,b(xi) T e xj)) ¢N>
=2
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i (xhb r) — (s xj)) wn(z, .)> &

j:

i <wa-

Then using (I1.4.2) and then Young’s inequality,

Z-iﬂhb ;)N (2 > Nf W T — 1]3/(a:,o)dy dx
=2
Tr [.,?h’b’y&ll\)]] e [w’yﬁz]

Crb(N = 1) [0 ||

i —wa(x—y) M dy |d
pr(x’.) y L
Q

Jw(x - y)pfpl;(xy.)dy dx

1

% <2(Jhb

]2 +2Chprw

(z,0)

Changing w to ew, dividing by € and using (11.4.4) gives

1 C
prfp])v —Tr [th bva] + be||w||iz
QQ

To optimise in €, we choose € = , we get

[wl| 22

@) 1 C (1)
prwN (hbTr ['Zﬁ WwN] t O) lwll e < 2T [fﬁ,bm] [wll 2

QQ

because £, > hb. Similarly with Young’s inequality and (I1.4.2),

C
[vi] < ene[ B Wi
9]
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I1.5 Semi-classical limit

In this section we introduce the Husimi functions representing densities in the phase space. The
fundamentals properties of these functions can be found in Property I1.5.3. Then we prove that
the N-body quantum energy can be approximated by a semi-classical functional depending only

on Husimi functions in Proposition I1.5.4.

11.5.1 Husimi functions
— Notation I1.5.1

Husimi functions or lower symbol as

with X1 € (N x Q)*

k
Moy, (Xl:k) = Tr [P}/k ®HX1

i=1

Conversely, if m;, € L' ((N X Q)k), define the associated density matrix

= (2n2)* J my(X1.) ®de77 "(Xix)
(NxQ)k

We call my, the upper symbol of ~,, . We also associate a density to my:

P = Y, Mi(nige)

nlzkENk
we extend the definition (II.1.13) to Husimi functions, if k£ > 2

L J Enmé”(”a R)dn(n, R) + f mG)dn-i- f wml({)dn®2
N xQ Nx (NXQ)2

and we also extend (IL.1.16) to p, € L' (QF):
Eore [pe] = JVPEP + pr;(f)
02

If one starts from a wave-function 1y € L2 (QN ) we use the notation

¥ Myy = Moy

Let k € N*, v, € LY(L?(Q%)), recalling Notation 11.3.1 and (II.1.23) we define the associated

(I15.1)

(IL5.2)

For another discussion and further references about lower and upper symbols one can look

at |48, Definition 3.13].

The k-body Husimi function is the joint probability distribution for k£ particles in phase
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space. Similarly as for (I1.1.24), we have
(k) _ (k) _
Moy =M 0 and Py = Prnt®
The next lemma provides a translation between Husimi functions and density matrices.
— Lemma I1.5.2: Relations between Husimi functions and reduced densities

Let vy, € £} (L2 (Qk)) be a positive operator, then m., € L ((N X Q)k) and

il
0 < Mo < (arpye 1+ O) s, dn® = Tr ]
b

(NxQ)k

Conversely if my, € L' (N x Q)¥) is positive, then ~,,, € £(L*(QF)) and

k
0 < Yoy, < (2085)" [l 0 Tr [, ] = llmallr + Ole)
Moreover if yy € £ (L% (Q%)) and 1 < k < N, then

(N — k)!
m®) < Wﬁ [ww] (1 + O (L))

— Proof:
m., is positive because VX € N x €, IIx and ~y, are positive. With Corollary II.3.6,

k k
wxm)<|m||cooHTr[Hxi]=||%||m( : +0(1)> _ Il ) 4 o))

o 272 b (2mi2)k
Then, with the resolution of identity (II.3.3) we have
J Wy, dn®* = Tr []
(NxQ)k
Since VX € N x Q, IIx and my, are positive 7,,, is also positive. (I1.3.3) also implies
k
k k
o < ) Il | @ Mdn® (Xia) = (@)

n=ll
(NxQ)k

Finally, using Corollary I1.3.6,

k
Tr [, ] = (27rl§)]€ J my(Xq.) Tr [@ Hxi] dn®k(X1:k) = J mkdn®k + O(ly)
i=1

(NxQ)k

= [[mill g + O()
[y € LY(L*(Q)) is positive, thus it can be diagonalized:

HX = Z)\LX |wi,X> <'¢i,X| with /\i,X > 0 and Z)\i’X =Tr [Hx]

€N €N

(NxQ)k
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@w

We have
® wzj > < ' wzj,Xj

3 (flos o
il

Z ( ) TN
[ ]CENI€ .7 j:1

Let ¢1.xy € L*(2) be an orthonormal family, we claim that

o) (&0

|

—_

(N — k)

®IdL2(QN7k) g N'

on £' (L* (Q)) (I1.5.4)

i=1

Indeed, if we consider the Slater state

then

1 k k
:m Z 6(07‘) <®¢z

" o,TeSN

(@ )@Z@me>

k k)!
RS R

" o,T€ i=1 i=k+1 oeSy i=1

If the Slater determinant does not contain the 1., then the result of this computation is 0,
thus we obtain (I1.5.4). Then with (I1.5.3) and Corollary 11.3.6,

k
m, 0 (Xik) < (N— 2 (H Aij x )Tf [l = WT (o] ] [ T [T, ]

1. kENk j=1 it
(N —k)!
! (2ri2)* N

We have the following properties for the Husimi functions coming from reduced density
matrices.

Tr[yn] (1 + O (b))

— Property I1.5.3: Husimi functions

Let vy be an N-body density matrix, then m(vlfv) are symmetric, consistent and satisfy

RAESS W aF O(lb) (H55>
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| man = @, = 1 (I15.6)

(NxQ)k
k _ 2\ Rk k
P = (g3 = plk) (IL5.7)

©»
— Proof:

Let k> ¢ > 1 and Xy, € (N x Q)% Recalling the results of Subsection II.4.1, we prove that
the N-body Husimi functions are consistent marginals using (I11.3.3):

k
J m'(y]]? (Xlzk)dn(Xq+1:k) =Tr J "Y](\];) @ HXidn(Xqul:k)
=1

(NxQ)F—a (NxQ)k’q
q
=Tr )®H ®Idﬁ(xk9q] =Tr [7](\?)@1_[&]
=1 =1
_ m(ffz( 1:q) (I1.5.8)

Let 0 € S, the symmetry of the Husimi measures follows from the symmetry of the reduced
density matrices:

q q q
e L 0 e (oo I e
i=1 i=1 i=1
= msylj\z (Xlzk)
(IL.5.5) and (I1.5.6) follow from
Tr [’y](\’f)} =1

and Lemma I1.5.2.
For the last point we perform a straightforward computation:

k
Z m(k) (P14; Rak) = [ Z ®Hnl ] = J’Yz(\’;)(iﬁl:k,l'm)ng,\(% - Ri>2dx1:k

n1.,=0 ny.p=0 =1 Ok i=1

% = (9,2\)®k * ngv) (Rix)

Equation (I1.5.7) tells us that summing the densities inside every Landau level approximate
the total density.

I1.5.2 Semi-classical energy

We now prove that the quantum energy can be approximated by the following semi-classical
energy, only depending on the one body and two body Husimi functions.
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— Proposition I1.5.4: Semi-classical approximation

Let ¢ € L2(QY), |¥w|l;2 = 1, the quantum energy can be approximated with the semi-
classical energy (I1.5.1)

H A
2 NN¢N> = Eseinb [myy] + O (%Tr [gh’b%(vl)]) + O () (IL5.9)
where
fO) = max ([|g =V = V]| o [[(6)®* = w = wl| ,) — 0 (IL.5.10)
®
The kinetic energy
1 ®
T ['g h,wa]

will be bounded when we will take a sequence of minimizers of the N-body quantum energy.
Recalling (I1.1.8) and (II.1.11),

bly = O (hNT,) = O (ﬁN%) > 1
so with (I1.3.2)

(hA)® « BA <« BbAL, « 1 (I1.5.11)

Moreover, A — o so the error terms in (I1.5.9) will be small.

— Proof of Proposition I1.5.4:

Step 1: Kinetic energy

With (I1.4.4) in mind, we start by computing the kinetic term. Inserting the resolution of
identity (I1.3.3), we have

[ 4] - f T [ Zhpr(s — R)Laga(e — R | dn(n, B)
Nx )

Now, we use the diagonalization of the magnetic Laplacian %3 11, = E,I1, by commuting
Ly with g\(e — R) to obtain

Tr [ofh,ﬂfplji] =Tr J Ean,RVSpl]idﬁ(”,R)
NxQ

+ Tr %(1,113 J [-Zhp. gr(e — R)]1,gx(e — R)dR
N xQ
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= J Enmgblz)v (n, R)dn(n, R) + Tr [7&1‘1\){ J [Zhb, gr(® — R)] ga(e — R)dR
0

Nx
(I15.12)

We compute

[Php, gr(e — R)] = ihVgr(e — R)
and

[Zhp, gr(® — R)| = [Php, gr(® — R)| - Prv+ Prp - [ Php, gr(® — R)]
= Qihvg)\(O - R) : e@f%b - thg)\(o — R)
= Py - 2ihVgr(e — R) + h*Agr(e — R) (I1.5.13)

inserting this in (I1.5.12), we find

Tr [fﬁ’wf;;] = f Enml(/}llzr(n, R)dn(n, R)
Nx 2

+ 200 Tr | 7LD Py - fng(. — R)gx(s — R)dR
Q

+ R*Tr [715;11\), JAgA(o — R)ga(e — R)dR]
Q

But because ¢ has a fixed L? norm and is periodic

\Y% fgk(’ —R)?dR =0 = QJVQA(O — R)gr(e — R)dR
Q Q

Moreover

| 20r(e = Bin(e = RaR =~ [ (V90)* = ~x* [ (Vg0r0)do = X2 Vgl (519

Therefore

T[4l - f E,m® (n, Rydn(n, R) — (hX)? [ Vg||Z (I1.5.15)

Nx

Step 2: Potential energy
If we take a k variable potential V}, € L! (Qk),

Tr I:kay?(ﬁlj\)/:| = nyz(;j\), (xlzk; xl:k) Vk(xlik)dxlik = in(flgf‘/;‘:

Qs Qs
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To express this in terms of Husimi functions we use (I1.5.7):

T Vi) = [ o Vet [ (A8 - @)% )

TN

o8 QF
k
= fpé’ilek + f P (Ve = (60" + Vi)
o8 Qe

Step 3: Conclusion

Thus applying (I1.4.4) and using (I1.5.15),

(Un|HNYN) (1) @)
— N = Tr [(Xh,b + V)VW] + Tr [wva]
_ j E,m?) (n, R)dn(n, R) + f sV 4 j 6O w — (1) (| Vg2
NxQ Q 02
= Eunlma] + | o [V =2 VI + [ o2 [0 = @15+ u] - (0291
9] 02

Using V,w € L*(2) and the fact that w and thus

(93)®% = w(z,y) = ” ER)E (e —y +t — 2)dzdt

only depends on x — y we can use the kinetic energy inequalities (11.4.2) and (I1.4.3) to
control the errors terms:

(ON|HnYN)

N - gscyﬁb [mdw]

<(| v =2 vI|+| [ o2 - (G ]
w 02
+ (BA V2,

C
<2 Tr | Ll | FO) + (BN [Vl

and we have

f) = 0
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I1.6 Mean field limit

In Section I1.5, we went from the quantum N-body energy to the semi-classical energy (11.5.1)
(Proposition 11.5.4). The last step needed to obtain the limit models (I1.1.13) and (I1.1.16) out
of (IL.5.1) and (IL.5.2) is to remove correlations. Indeed we see that for m € L' (N x ) and
pe L

gsc,hb [m®2] = gsc,hb [m]
Eqrr [p%] = Eqrr 0]

For fermionic states there are always some correlations due to anti-symmetry. Therefore
the objective of this section is to prove that all other correlations are negligible. Neglecting
correlations except those coming from the anti-symmetry is called the mean field approximation.
We prove that this approximation holds in the mean field limit using Lieb’s variational principle
(Theorem I1.6.5) for the energy upper bound in Subsection I1.6.1 and the De Finetti Theorem
[1.6.11 for the lower bound in Subsection I1.6.2.

The next proposition is a computation of the semi-classical energy when the low Landau
levels are saturated. In this case the semi-classical energy is a sum of constant energies and of
the semi-classical functional (I1.1.16) for particles in gL L.

— Proposition I1.6.1: Saturated low Landau level energy

Let p € Dy11,, using Notation I1.1.4 and Notation I1.5.1

Eseb [Mmp] = ROEY" + EY" + EZ" + Ep1[p] = RDE® + &1 pm, ]

— Proof:

With a straightforward computation:

Ssc,hb[mp]zZEfmpnxdx+Zf x)m,(n, z)dx

neN neN

+ Z Jw(ﬂf — y)my(n, x)m,(n, y)dedy

n,ﬁENQ2

1 7 q 2
— E, + E,+ V+|ve+
anZO g7 <q+r>][ fp <q+r>2][“’
B 9] 9] 02

q+TJf T -y dwy+f (z — y)p(z)p(y)dzdy

QQ

¢ []+2hb q 1_~_1+1 +r2hb +1
— CalllPlT g\ 27 9) Tarr \173
2

2
v Lo f
g+ (g +r)? (q+7)?
Q Q Q
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2 2
+ 2qr +r + 2qr
T ey, 94 ][v+—q ! ][w
qg+r q-+r (q+7r)?

Q Q

= quL [P] + hbET" + E‘%T + Eg},r

qorr[p] +

We obtain the second equality with

Eqrr [pm, ] ZJ z)m,(n, z)dx + Z J w(x —y)m,(n, x)m,(n, y)dzdy

neN n, nEN

% = Eurlp]l + B + ELT

I11.6.1 Energy upper bound

In this part we prove the energy upper bound:

Proposition 11.6.2: Upper energy bound

d(g+r)

EO
WN < WbEY" + EY" + B9 4+ &1 [p] + hbO (1 -—

) + O (f(N) + O (hbAL)

Ul

The main tool for this proof is the Hartree-Fock theory obtained when one only consider
Slater trial states. For Slater states, many energy computation are simplified (see Wick’s
Theorem I1.6.4): the second reduced density matrix can be reconstructed from the first reduced
density matrix. The second reduced density matrix is given in term of a perfectly uncorrelated
term and an exchange term that will reduce the energy in the case of repulsive interactions.
The exchange term contains the correlations due to anti-symmetry, these are the minimal
correlations fermionic states can have. Thus Hartree Fock theory is a way to assume that all
other correlations are negligible. The Hartree-Fock energy gives a canonical upper bound for the
N-body quantum energy since the variational ensemble is restricted to Slater sates. Hartree-Fock
theory can be extended to one body operator (see Notation 11.6.3), and using Lieb’s variational
principle (Theorem I1.6.5) one can show that the theory still provides an approximate upper
bound for the N-body quantum energy. Then we show that the Hartree-Fock energy is an
approximation for the semi-classical energy (Proposition 11.6.7).

— Notation 11.6.3: Hartree Fock theory

Let s,t,u,v € L?(), if one define the exchange operator on £! (L? (2?)) as
Ex|s®1t) (u®u| = |s®t) (v®ul (I1.6.1)
Let v € L1 (L?(Q)), define

N

Define the Hartree-Fock energy
% Ear [7] = Tr[(Lap + V) 7] + Tr [wr,] (I1.6.3)
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With Wick’s theorem definitions (I11.6.2) and (I1.6.3) are actual statements for Slater states.

Theorem I1.6.4: Wick’s theorem

Let vy = \ﬁ /\ =195 € L% (QN) with (¢;); an orthonormal family, then
1 i
= = 2, |9:) (¢4]
NG
and

2 N 1)\ ®?
Yo =77 —7 (1~ Ex) (%ﬂ,))

1

T lew,@@ (6 ® ¢ — ¢; ® ¢l

Thus for a Slater state 7y,
Yy _.®
(WN>2 = Tyn
and the Hartree-Fock energy is exactly what we obtain for the quantum N-body energy:
Enr [71(;13] =Tr [((Zh,b +V) 'yz(;]i] + Tr [w%(fji]

Lieb’s theorem [12]| extends the usual variational principle for operators of the form (I1.6.2).

— Theorem 11.6.5: Lieb’s variational principle

Let v € £ (L?(Q)) satisfying
1

Tr[y] =1 0<7<N

there exits an N-body density matrix vy and a positive operator Ly such that

1
W =7

T =m— L

We start with Lieb’s variational principle to get an energy upper bound in term of the
operator 7. An important remark here is that we don’t assume that the interaction potential
is repulsive to get the upper bound as it is usually done when dealing with Lieb’s variational
principle. The reason why we were able to relax the assumption w > 0 is independent of our
specific model and comes from the fact that Ly looks like an exchange term in the mean field
limit since (see (I11.6.8))

1
N -1
Hence the contributions coming from this term in the computation (I1.6.6) will be treated as
error terms. Lieb’s variational principle has also been recently generalised in [52].

Tl" [LQ] <
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— Proposition I1.6.6

1
Let v € £ (L?(Q)) such that Tr[y] =1 and 0 < 7 < N then

E? Tr [ %
WN <&ur[7] + %O (&)

— Proof:

Step 1: Estimate for the interaction term

First we prove a lower bound for the interaction term. Using The Gagliardo-Nirenberg
inequality for ¢ € L*(Q),

13 < Can (310l 191, + 1161, )

along with Holder’s, Young’s and Kato’s (I1.4.7) inequalities,
(V) < 19l VR Lg < V2 1901170 < Can VN2 (19052 1V [0]11 2 + [10]172)

1
< Can VIl (5 19ll: 1 sl + 101

) i)

(stuss)| < [ fuwle = )l el dody <l [ Ia(e: )l
02 Q

1
2
< Caw Vlia (el + (14 1

So for 1y € L*(Q) ® Dom (%),

! 2
46h2) ||¢2(fa°)||m) dr  (116.4)

< Canluls [ (el @navnta i + (14
Q
1
~ Can lolls (L@ Pramals + (1+ 2z ) sl
Thus

(ta| (Can llwll 12 € (1) ® Zhp) +w) P2) =Can |[wll 2 €11 @ Prpthal7e + (Walwibs)

1 2
> = Conllulls (1+ 133 ) Wl
and
1
eCan |[wll 2 (Idr2@) ® Lp) + w = —Can w2 (1 + @) (I1.6.5)

Step 2: Lieb’s variational principle
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Let vy and Ls be the operators in Theorem I1.6.5. Now we use (I1.4.4), and (I1.6.5):

EY _Tr[Hnyn] (1) 2)
N NN
W i Tr [(iﬂh,b + V)N ] + Tt [w’yN ]

=Tr [(Lhp + V)] + Tr[w (y2 — La)] = Enr [7] — Tr[wls]

1
<8HF [’y] aF CG’N ||w||L2 ((1 ar 4677,2) Tr [LQ] + €Tr [(IdL2(Q) ®gfl7b) LQ]) (1166)

To conclude we need to estimate the error terms.
Step 3: First error term

If A is an operator on L?(f2) it follows from (II.6.1) that
Tr [(Idp2ie) ® 4) Exy®?] = Tr [Ay?] (I1.6.7)
Indeed, if we decompose v in an orthonormal family:

7 =D i)
ieN
then
Tr [ (Tdpae) ® A) Exy®?] = > AT [Tdao) ® A |u; @ ;) (u; @ wi]
1,j€N

= > AN T [(fus) (us]) ® (A fug) (wil)]

7,7€N

= 2 AT () (s ] T [A ) Gual] = 3 AT [A ) (]
i,jGN ieN
=Tr [A’yQ]
Taking A = Id;2), we obtain
Tr [EX")/®2] =Tr [72]
and since 7y is positive, with (I1.6.2) we can estimate

N N

(2)
Tr[Lo] = Tr[y2] — Tr ['yN] =N 1TI‘[")/®2—EX’7®2] —1= N1 Wo 1Tr[72] -1
1
< I1.6.
N1 (I1.6.8)
If € — 0, we can control the first error term in (I1.6.6) with
1 C
0< (14— |Tr[Ls] < 11.6.9
< 4eh2) rlLo] Neh? ( )

Step 4: Second error term
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For the second error term, using Theorem I1.6.5, (I1.6.2) and (I1.6.7) for A = %,
0 <Tr [(Idz2() ® Zhp) Lo] = Tr [(Idwm ® L) (72 - %(VQ))]

N
=T [0 ® Zho) (1 = Ex) 1] = Tr | (1) ® Zh0) 747 |

TI“ [gﬁ’b/}/] —

N1 7 1 [(dee) ® Zp) Bxy®] = Tr [Zh,1]

T — T = T
1 L] - T L] < T[]
When the kinetic energy is minimised Tr [.%} 7] is of order hb so we estimate the second

error term in (I1.6.6) with:

ehb ) Tr [gh’b'y]

0 < €Ty [(IdL2(Q) ®$ﬁ7b) L2] S CW hb

(I1.6.10)
Step 5: Conclusion
We optimise in € so the bounds in (I1.6.9) and (I1.6.10) are of the same order:

1 ehb 1 251 1 ¢hb 1
Nen* N /= > =oll) Nen?> N LN O) (16.11)

so (II.6.6) becomes

B Tr [ % Tr [Z
B < ur bl + (14 T2 0.0) = ap ] + T Mo 1)
x N b hb

Recalling definitions (II.1.13) and (I1.5.10), we now go from the Hartree-Fock energy to the
semi-classical energy.

— Proposition 11.6.7: Semi-classical approximation of Hartree-Fock energy

Let ng e N, m e L'(N x Q) such that VYn > ng, m(n,e) = 0 and

1
0 <m < W (11.6.12)
then
Eur [Ym] = Eses [m] + O (F(N)) + O (hbAL)
©»
— Proof:

Step 1: Kinetic term

We start by proving that we recover the semi-classical functional from the direct terms. We
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compute the kinetic term using the commutation relation (II.5.13) and Corollary I1.3.6:
T [ 9] =202 f m(X)Tr [ZTTx] dn(X)
NxQ

=27} J m(X)E,Tr [[x] dn(X)

+ Qﬂ-ll% m(n’ R)TI‘ [[jﬁ,ln g>\(. _ R)] HngA(. _ R)] dn(na R)
_ f E,m(X)dn(X) + O(hbly)

+ 27Tl§ m(n, R)Tr [2ihV gy(e — R) P, p11,g91(® — R)] dn(n, R)

N

— 2rl} f m(n, R)Tr [R*Agy(e — R)IL,g\(e — R)] dn(n, R) (11.6.13)

Using (I1.3.6), 3€ : N x © — R such that
2121, (2, 2) = 1 + [L,E(n, 7)
€(n, z)| < C(n)
With (IL1.5.14),
—2nl? f m(n, R)Tr [A*Agy(e — R)IL,g\(s — R)] dn(n, R)

N x

=—h? J m(n, R) (J Aga(z — R) (1 + [,€(n, x)) gr(z — R)dx) dn(n, R)

NxQ Q

— (BN [Vl . — B, f m(n, R) ( f NAGOD)E M, o + R)/\g()\x)dx) dn(n, R)
NxQ Q

= (00)* [V alze Imllz + (5X)* O (1) = O ((1A)?) (IL.6.14)

And by (IL.3.7), 3€ : N x Q — R such that
Ppplly(x,2) = —C(n) + bE(n, x)
E(n, )] < C(n)

SO

2rl? f m(n, R)Tr [2ihV gxr(e — R) P pllgx(e — R)] dn(n, R)

N x
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X + bE(n, R)> gr(r — R)dzx |dn(n, R)

—4inl2h JmnR JVgA:c—R)(C( )Zb

Nx

—O (hbAl) (I1.6.15)

Inserting (I1.6.14) and (I1.6.15) in (I1.6.13), we obtain

Tr [ L5 pvm]) = f E,m(X)dn(X) + O (hbAly) + O ((h\)?) (I11.6.16)

N xQ

Step 2: Direct term
Let k € N* and W), € L? (Q*), with the Fubini theorem

Tr [Wir®F] =(2nl3)* J m® (X1.4) Tr [Wk®HX] dn®* (X 1)
=1

NXQ
k
(27le J m®* (X1.x) JWIC zik) | @ Uy, | (@1m, T1s)dzr o dn® (Xok)
(NxQ) =
.
= | Wi (z1.x) 1_[2#[2 J X)x (2, 2;)dn (X) | dzyg
QF (NxQ)

— r‘Wk@l:k) H f m(n, R)gi(z; — R) (1 + [,E(n, ;) dn (n, R) | dxy.

J -~
Ok =1 nxQ)

~

= | Wi (b5 = (g3)%*) da
J

Ok

k ng
+ 0 f Wi (z1.x) (1_[ Jgi(mz —R) Z m(n, R)E(n, xi)dR) dxy.p
5 =1y n=0

But m has finitely many filled Landau level so with the Pauli principle (I11.6.12), p,, € L*(2)
and

Tr [Wiy ] = J Wip2F + O (||[We = Wi+ (g0)%]| 1) + O () (I1.6.17)

Step 3: Exchange term

Now we need to control the exchange term. It follows from (I1.6.1) that

EX/VS(?(‘%’ Y; =, t) = Vm(xa t)me(ya z)
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so with (I1.6.4) for 7,, € L*(2) ® Dom (%) as an integral kernel,

ITr [wExy®]| = j () [ P oy

02
1
<Cax ol [ (e1Pnsma s + (14 13 ) o)l ) o
Q
(I1.6.18)
With an integration by part,
[ 120, s o = [ Prain(,9)0) - Prosie oy
02
= | 2 m(, ) (Y)Y (@, y)drdy = f Vo (2, Y) L m (@, @) (y) dwdy
02 Q2
= | T (@, y) (ZLroVm) (y, 2)dxdy = Tr [V L V]
02
Inserting this in (I1.6.18), using the cyclicity of the trace we get
1
[ B = [T [wBx®]| <Ci ol (€[] + (1+ 12 T 02))
Can ||lwl| g2 1
N eTr [ L p¥m] + +4eh T [Ym]

With (I1.6.16), Tr [Z4Vm] = O (hb) and using Lemma I1.5.2, Tr [v,,,] = ||m]| ;. + O(l) so
the choice of € is the same as in (II.6.11) thus

Tr [wExy&?] = O(ly)

Step 4: Conclusion
With (I1.6.3) and (I1.6.2) then (I1.6.16) and (I1.6.17) applied to V' and w,

N
gHF [")/m] =Tr [gh b’}/m] + Tr [V’)/m] a4 N — 1TI‘ [w'}/n@f] +

=fEm +JVp+
Q

Nx

N1 Tr [wEX’yT@)nZ]

w0 (v -Vl

Q2

+

=0 (|lw = w ()% 1) + O () + O (bAL) + O ((BAY?)

Recalling (I1.5.10), the semi-classical energy expression (II.1.13), (II.5.11) and AbA > 1,

gHF [’}/m] = gsc,h [m] aF f()\) I (@) (hb)\lb)
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With the notation of equation (II.1.21), we would like to define a one body operator with
saturated low Landau levels:

Vo = w f my,(X)Ixdn(X)
QxN

We need to prove that the direct term gives the limit model for qLL and to control the exchange
terms. But we cannot apply directly Lieb’s principle because with Lemma I1.5.2 we have an
error on the trace

1
Tr[v,] =1+ 0(1) and 0 < 7, < N
To cure this we modify m,, slightly.
— Proposition 11.6.8: Corrected Husimi function
Let ng € N, m € LY(N x Q) such that Vn > ng,m(n,e) = 0,||m|/;. =1+ o(1) and

1

0<m< —ge
S 9PN

then there exist m € L*(N x Q),n; € N such that Vn > ny,m(n,e) = 0,

1
Trva]l =1, 0< s <N

and

gsc,hb [ﬁl] = gsc’m, [m] +0O (hblb) + O (hb (1 = ||m||L1)) (11619)

— Proof:
First, by Corollary 11.3.6, 3€ : N x €2 — R such that

2n2Tr [Mx] = 1 + L,E(X)
|E(n, R)| < C(n)

So

Tt ] = J m(X) (1 + LEX)) dn(X)

If Tr [7,,] = 1 then m has the desired properties.
Step 1: Tr[v,] <1
If Tr[v,] < 1 we add some mass to m where it is possible without breaking the Pauli

principle. Let ny € N and

1

0<7T<—ge
TS 9PN
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we define

-~ . 1
m(7,n1) = m + min | 7, BN m | Lo<n,

By construction

0<m<m(r,n) < 27BN and 71,<,, <m(7,n) (I1.6.20)
We choose ny > ng and remark that
T ] ( o [ L (1 BEC) 000 > 5 )
vl | =——=.,n1 | = n<ny > ———ng — n
T\ oz N ™) T N < b ” orPN LT A
NxQ
Since 3dn; € N such that
2
ny > 1

22N

for large enough N,

1
Tr [v] (Wﬂh) >1
and
Tr [v#] (0,11) = Tr [ym] < 1

and Tr [y] is Lipschitz in 7, so by the intermediate value theorem we can conclude 37 > 0
such that if we define

m = m(T,nq)

then

Trfyal = | A0 (14 BECO) dn(X) = 1
NxQ

Thus we can estimate

: 1 ~ -
2 Jmm<7’,W—m(n,x)>d:c— f (m—m)dn=1-1, J médn — den
Q

nsni NxQ NXxQ NXxQ

=O0(p) + O (1 — [|m| ;1)

SO

szm < ! m(nl,x)> de < O@) + O (1 = ||ml|») (I1.6.21)
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Step 20 rI‘I'[A‘/m] |
Now if Tr [y,,] > 1 we remove some mass to m:
m(7) == max (0,m — 7) = m — min(m, 7)

by construction

1

< 11.6.22
2mli2N ( )

o<m<m

We see that

Tr [vi] (0) = Tr [yn] > 1 and Tr [vz] (27;2]\7) = {)

so 47 > 0 such that if one defines
m = m(T)

we find that

Trpal = | (00 0L+ bEC0) dn(X) = 1

N x

and like before,

| mintm,rydn = [ =y dy = s 1415 | WEdn = O + O (1= )

Nx ) Nx ) Nx
= J mdn + J Tdn = ||m|| . + J (1 —m)dn
m<T Tm Tm
So
s + O) + O~ lmll) = [ (m=r)dn < Ll
1 b - 1) = - T x <m
’ ’ TMm ngN
and
1 . 1
reg | minm,r)dy = = (O) + O (1 [m],»)
|1T<m| ’17<m’
NxQ
1 Ol) + O (1= ||m| 1)

< . =O,) + O (1 —|ml|,. 11.6.23
BN il + O) + O(L = [l ~ W) O =lmilz) — (116.23)

Step 3: Comparison of the Semi-classical energies

With inequalities (I1.6.21) and (I1.6.23) we know that

I — il o = OW) + O (1~ [ 1) (I16.24)
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Finally we prove the estimate on semi-classical energies (I1.6.19):
ni ni
e [1] = Eveps ] < Y, B f i, ) = (o) + 3, [ V] 7i(n, ) — o, o)
n=0 n:O

+ ZO f lw(x —y)| |m(n, x)m(n,y) — m(n, z)m((n, y)| dedy

ni

<L Y Enllm =l oo + (1 + D) |V ]| 1m0 — @] oo
=0
n ”

+ L |wll Y [[(n, o)W, o) — m(n, o)m(7, )]
n,n=0

Moreover
[m(n, o) (7i, o) — m(n, o)m(7, )| L < [|72(n, ®)| Lo [T, @) —m(1, ®)| 1

+ [m(7, o)l oo [|712(n, @) — m(n, )| oo

<l oo [l = ml| g + Il o 72 = m]] oo

so with (I1.6.20) and (I1.6.22)

2

- = L
|Ese,ny [] — Esenp [M]]| < <L2 Z E,+(m+ 1|V + TEN [wllpx (1 + 1)2)

n=0
lm = M| e

 We conclude with (I1.6.24).
Putting all of this together we obtain the upper bound.
— Proof of Proposition I1.6.2:

o2

Recalling (I1.1.21), let p € D,;;, and define

M = d(q; D, (I1.6.25)
then
d 1
STeN S TN T 3N
Jmde Q+T)=1+0(1)

N x )

We consider m, y the corrected Husimi function in Proposition I1.6.8 associated with m, v,
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it satisfies

d
Ssc,hb [T?Lp’]\f] = (c;sc,hb [m,),N] + 0O (ﬁblb) -+ hbO (1 — #) (11626)

and Tr [vpm, v] = 1,0 < 7,

P, N

1
< ¥ Moreover by (I1.6.16),

Tr [ L6Vm,. | = O (D)
Thus, we can apply Propositions Proposition I1.6.6, Proposition I1.6.7 and (I1.6.26):
Ex
N
<Eur [Ympn ] + O () = Esen [Mpn] + O (f(N)) + O (HbAL)
d(q +
=Csc,hb [mmN] + hbO (1 — (QTT)) +0O (f()\)) +0O (hb)\lb)

dlg+r) d(g+r)

=hbE®" + EY" + EZ" + &1, l p] + hbO (1 — > + O (f(N) + O (hbAly)

=RbE?" + EY" + EX" + E,1.1 [p] + RDO (1 — w> + O (F(N) + O (hbAL)

For the last equality we use the estimate

gL ld(q]:; r)p] — &1 [p]‘

d(q+r) d(q +r) ?
<|r - 4 ||VHL2H,0HL2+<1—< SOV sl ol
and
2
- (2aY') <o - 2a2)
3 N N

11.6.2 Energy lower bound

In this part we prove the Energy lower bound :

Proposition I11.6.9: Lower bound

Let (¢)n)n be a sequence of minimizers of (I1.1.7),

Esens [Myy] = RDE®" + EF" + EZ™ + €)1 + o(1)

0
The main tool for the lower bound is the De Finetti Theorem I1.6.11. Husimi functions
are symmetric and consistent measures. The De Finetti theorem states that such measures are
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indeed reduced to trivial measure of this kind, namely tensorized products of one body measures
and their convex combinations. This result plays an important role in the justification of the
decorrelation of densities for the lower bound.

We start by extracting some limit Husimi functions and give their fundamental properties.
Similar arguments can be found in [21, Section 2]. With Notation I1.5.1,

— Proposition 11.6.10
Let (¢n)n be a sequence of minimizers of (I1.1.7), up to a subsequence

a) there exists limit Husimi functions M® e L* ((N x Q)*) such that

ml(fl\)f N%OO M® in the weak star topology on L® ((N X Q)k> (I1.6.27)
1
0< MY < ——— (I1.6.28)

(L2(q +7))"

MWD (n,e) =1 + 1, MW (q, e) (I1.6.29)

"SI2(g+7)

c) M (k) are the reduced densities of a symmetric measure M on (N x Q and HM () H =

d) in the sense of Radon measures

P%?,,N Ni Prak) (11.6.30)

e) we have convergence of the potential terms:

EqLL [me] N Eqrr [pu] (I1.6.31)

— Proof:

a) From inequality (II.5.5) the Husimi functions are uniformly bounded, with a diagonal
extraction we obtain (I1.6.27) and the bound (I1.5.5) with (II.1.11) induce (I1.6.28) in the
limit.

b) Now since we took a minimizer of the energy, with the upper bound Proposition 11.6.2
and the Kinetic energy inequalities (I1.4.2) and (I11.4.3),

~ —Tr fhbfyw V,% wpw =Tr [ﬁh,bfyw] 1+0 I

<Erernmy) + HDO <1 . %) +O(F(N) + O (RbAL)
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so by Proposition I1.6.1 we know that
Tr | Sl | = O () (I1.6.32)

Since the contribution of the potential are bounded, the only thing we have to look at are
the kinetic terms. Let m, be the Husimi function with saturated low Landau levels defined
here (I1.1.21). We denote

CNp = J (mfpl; (n,.) —m,(n, )>

Q

By definition of m, and Lemma II.5.2 we have

an—fm Jmp—l—l—O
neN

NxQ NXQ
1 d(qg+r)
n < l [ 1— ——=
n<q = cp, ZQN O(b) P O(b)—i-O( N >
n>q = Cnp= HmwN (n,e) » >0
Since (E,,), is increasing
q q—1
Z EnCNm, > Z EnCN,n + Eq Z CNn = — Z(Eq - En)CN,n
neN n=0 n>q n=0
d
>0 (hbly) + TbO (1 _ %) (I1.6.33)

Now we compute

gsc,hb [mwz\r] - sc hb mp Z E CNn J V ( Ez;llz, - mp) dT}

neN Nx©Q

p
+ J w (mgbz] — mgm) dn®? (I1.6.34)
(NxQ)>

From the semi-classical approximation (Proposition I1.5.4), (I1.6.32) and the upper bound
(Proposition I11.6.2),

%"v :w = Eaomp [myn] + O (F(V) + O ((h1)?)

<Esenp [Mp] + ROO (1 — w> + O (f(N) + O (hbAly)
so with (I1.5.11),

Eseib (M ] — Escni [My] < MHO (1 - W) + O (f(N) + O (hbAl) (I1.6.35)
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All the potential terms in (I1.6.34) are of order 1, therefore the sum in (I1.6.33) is bounded

and we have

d s
O(hblb)—i-hb(/)(l—%)g—Z(Eq—E CNn\ZE CNn\
n=0 neN

So
q—1
B = E 1
Y=y, =0
hb hb
n=0
With a similar inequality as (I1.6.33) but with E,, instead of £, we deduce

q

q
C = Z EnCN,n = Z EnCN,n + Eq+1 Z CNn = Z(En _ Eq-‘rl)CN,n

neN n=0 n>q n=0
: dlg+r
> 3 Buenp + By Y nn = O (hbly) + hbO <1 N (qN ))
n=0 n>q

and therefore (I1.6.36) implies

1
=0 (5)

> b N”_Z iy Z iy e = (hlb) >me$§(n7°)

n>q n>q g

T 1
Ll_q—H“_O(ﬁ)

Then

and

CNg = fms\l,)(q, R)dR — Jp(R)dR = ng\lf)(q, o)
Q Q

From the consistency of mff]i in Property 11.5.3,

- f f mz(pk]\)] (nlwrl; X2:k)d77®(k_1)(X2;k) dZL‘l
9) (NxQ)k-1

:Z‘

nZ:kENk_l

[ ],

k
mf/,]\), (nlzka .)

Lt

Since

N"\ [0 : q]" = |_|NZ1 (N\[0: g]) x N¥*
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(I1.6.38)
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by the symmetry of m{}, (IL6.39) and (IL.6.36),

2

n1.,ENF\[0:q]*

mq(f]\), (nl:lm .>

=0 (%) (I1.6.40)

Q is bounded, thus testing (I1.6.27) against 1, ,1x0 € L' ((N X Q)k),

_ (1)
RPN LD
ni1>q

1 N:)oo ||M(k) (nl:k; .) HLI

[ s

So (I1.6.38) gives

r

1) _
1M @ ) =

and with (I1.6.40), if nyy € N*\ [0 : ], then M® (ny,, e) = 0 and we see that the norm
(I1.5.6) passes to the limit:

HM(k)”Ll = HM(k)(nl:k7°)HL1 = lim m(kzi(nlik’.>
¥

N—o0 Ll
nlzke[[O:q]}k nlzke[[O:q]]k
N G TP R T
n1.,€[0:q]* n1.kENF\[0:q]"
= lim Hmff)‘ =1
N—o Nl

If n < 0, by (11.6.36),

(1) 1 (1) 1 d(q+r)
H%N(m *) - L2(q+7) || S ’ My (@) = 27N |, © (1 "N
. i 1 _ (1) _ d(q a4 T’)
= <27rl§N mwN(n,0)> + O (1 W
Q
N S N ¢ _d(g+r)
- <L2(q+r) m (n, )) +o(1 N
Q
- Cynt O (1 ~ d(q;r)) ~0 <%> +0 <1 - d@;@)
so M (n,e) = ;
’ L2(q+)

¢) Testing (I1.5.8) against p, € C? (N x Q2)7), we have

f cpquf]z]dn@: J Soq(Xqu)mEfA),(Xlzk)dTI@k(XLk) (I1.6.41)

(NxQ)? (NxQ)*
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Since ¢, € L' ((N x Q)’“), with (IL6.27),

N—0
(NxQ)? (NxQ)?

f Py At f 0y M " (I1.6.42)

In order to pass to the limit in the right term of (I1.6.41), for the low Landau levels we use
(I1.6.27) on

and for the high Landau levels we use (I1.6.40) and ¢, € L* ((N X Q)k>

k
J Spq(Xlzq)mSka\), (Xl:k)dn®k(Xl:k) = J 1([[0:q]]><N)k (Spq ® Id(NxQ)k_q> mibz\)]dn@k

(NxQ)F Qb

+ Z J Spq(nlzmvrl:q)mfpkj\)] (nlzkaxl:k>da71:k’
n1.,ENK\[0:q]* 3k

| Lot <<pq ®Id(NXQ)k_q> M) B

N—0
Ok

= J QO‘](XLQ)M(IC) (Xl:k)dTI@k(Xl:k) (11643)
(NxQ)F

Thus passing to the limit in (I1.6.41) and inserting (I1.6.42) and(I11.6.43) we obtain

VSOQ € Cco ((N X Q)q)7 J @qM(q)dn®q = f Saq(Xlzq)M(k)(Xlzk)d77®k(X1:k)

(Nx)? (NxQ)F

and this proves that the limit Husimi functions are also consistent. Testing against ¢,
we also obtain that the symmetry of Husimi functions passes to the limit. Then we can
conclude with the Kolmogorov extension theorem that there exists M a symmetric measure
on (N x Q)" whose marginals are (M*)),.

d) Let ¢, € C°(2%), ¢y, is bounded and
Ly gt @9 € L' ((N x Q)k)

so using (I1.6.27) and (I11.6.40)

k k
f ‘Pkpgfizv - J <1[[0:qu ® 90k> i dn®* + >, prmly)
QFk (NXQ)k nljkGNk\[[O:q]]ka
k
s f <1[[0:q]]’“ ® 90k> M©dn®* = fwkp(M)
(Nx Q)" QF
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e) Let Vi, € L*(QF), and (Vin)n = CP(QF) a sequence regularised with a convolution to a
regular function so that

Ve = Vienll 12 njooo

we have
k k k
J Vi (o, = o) = J Vin (0% = 080 + Jpﬁr’?iN (Vi = Vien) + Jpﬁw) (Vi = Vi)
QFk QL QL QF

For a fixed n, since Vj,, € C°(Q*) by (I1.6.30) the first term goes to 0 when N — oo. For the
second term we use (11.4.2) if V} =V, (I1.4.3) if V, = w and (I1.5.7)

L2

| o, =) = [ [ (6D «o%) 0h= Vi) < C = Vi) « (D)
Ok Q2

<C[[(Vie = Viu)ll 2

For the third term we use Holder’s inequality since pg\? e L” (Q’“) so we have

. k
Lim ka (pffiLN - p&/) SCVi = Vagllz = 0
.4 QF

Now we want to apply the De Finetti theorem to M:

— Theorem I1.6.11: De Finetti or Hewitt-Savage

Let X be a metric space, yu € Ps(XN) be a symmetric probability measure with marginals

('u’(n))n>1'
1P, € P(P(X)) such that:

Vn e N*, u(™ = J p®"dP,(p) (11.6.44)

P(Q)

For a proof of this via the the Diaconis-Freedman theorem see [41, Section 2.1.] and for
some further context one can look at |48, Section 2.2.|.

Recalling the definition of the semi-classical domain (I1.1.15), we obtain:

— Proposition 11.6.12: Low Landau level filling of the limit factorised densities
There exists Py € P (Ds.) such that

Vk e N*, M® — f m® APy (m) (11.6.45)

Dsc
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Let 1 be the push-forward measure of Py, by the application

L'(NxQ) — LY(Q)

m e mige)
then e P (Dyrr) and
Rk
i = [ (s +e) @) (IL6.46)

DyrLL

q q,r q,r
Eqrr [pm] = f &oLr [m + P] du(p) = Ey" + B + J Eqrr [p]dp(p)  (11.6.47)

DyLL DyLL

&

— Proof:

Step 1: 1€ P(DyLr)

Applying Theorem I1.6.11 to M obtained in Proposition I1.6.10 gives the existence of
Pr € P (P (N x Q)) such that

VEk e N* M©* J m®*dPyr(m) (I1.6.48)
P(NxQ)

Let e CO(N x Q,R;), 0 # 0,e > 0,k € N*, and

1+€
= 2—
A (p) meP(NxQ)| J odm g+ 7) f(p
NxQ NxQ

If m e Ac(yp), then

Jo* L

1< (g+7) f pdm < (g+7) f pdm
(L+€) [lell L1y (L+e) el

Nx NxQ

k

so with (I1.6.28),
k

L*(qg+r
Par (Au(p)) = J T 8P f (1+€<)q||<ﬂ||)1 fgodm dPar(m)
P(NxQ) L
q-+r J ®k Qk
- dm dPurr(m
((HenwnLl(n) i A
Nxﬂ)
q+7" 1 k
= @®kdﬂf%)$; — 0
(1+€ HSD”LI 14+€/) k-w

N><Q



we proved that Pys (Ac(¢)) = 0 and therefore

Par (1 PINx2\Alp) | =1-Py lJ Ao |=1
©eCO(NxQ,R L) ©eCI(NXQ,R L)
e>0 e>0

therefore for P, almost every m € P (N x ),

1+e¢€
Voe CP(N x Q,R 0 d —_ 11.6.49
Y e c( X 3L, +)7€> 7J\80m<[/2(q+7“> J\Qp ( )
N x €2 N xQ

So for P, almost every m € P (N x ), m is the density of a probability measure thus a
positive function such that ||m||;, = 1 and by (I11.6.49), m € L*(N x Q) and

1

< _ 1.6.50
mn L2(qg+ 1) ( )

We have shown Py, € P (D), therefore (I11.6.48) implies (I1.6.45).
Moreover if n < ¢ by (11.6.29),

J#dmz f LnyxodM® = J fm(n,x)dx dPpr(m)
Q

q+r)
NxQ P(NxQ) \Q

SO

f f <m - m(”’x)) dz | dPy(m) = 0

P(NxQ) \Q

By (I1.6.50) the integrand is positive thus null P,; almost everywhere, we conclude that for
Py almost every m

1

n<qg=— m(n,'):m

(11.6.51)

If n > ¢ by (11.6.29),

0= f LinyxodM®Y = J Jm(n,x)dm dPur(m)

NxQ P(NxQ) \Q

Once again by (I1.6.50) the right integrand is positive and thus null so for P, almost every
m

n>q = m(n,e) =0 (I1.6.52)
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Finally if n = ¢, since m € P (N x Q) we conclude using (I1.6.52) and (I1.6.51): for Py,
almost everywhere m

Jm(q,o): J m—ZJm(n,o)—ZJm(n,o)zl—qj_r :qir (1L.6.53)

NXQ n<q n>q

Gathering (11.6.50), (I1.6.51), (I1.6.52) and (I1.6.53), we now know that for Py, almost every
m we have m(q, ®) € Dyp,. This means that p e P (Dyrr).

Step 2: Computation of &1

Finally we compute

@k
oh = D MB (g 0) = J 2, (s @)dPar(m) = J (Z i .)) Pt

ni.k . ni.k Dse neN
q ok q ok
— | (=L — +m(ge)) d - 1 1)) 4
[ (gt +mtae)) aPaton D [ (e +e) auto
sc qLL
q ok
= S d
| (L2<q+r> *”) #le)
DyrLL
and
q . .
Eqrr [pu] = J EqLL [mﬂ)] du(p) = f (EV" + EL" + & [p]) dplp)
DyLL DyLL
=Ey" + By + f Eqrr [p] dp(p)
R DyrLr

Now we are ready for the proof of the lower bound.

— Proof of Proposition 11.6.9:

Let p € Dyr1, starting from (I1.6.34), using inequality (II.6.37) and Proposition 11.6.1 we
have

dlg+r
Exers [ ] = Evems [ + Eqrr [pmwN] — &gt [pm, ] + O (L) + HBO (1 _ %)

d
~WbEqy + Eqtt [P, | + O (W) + RO (1 - %)

We conclude with (I1.6.31) and (I1.6.47) and that

d
Eseb [Myy ] Zh0Eq, + Eqrr [meN] + O (hbly) + hbO (1 — (q]:; T>>
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Ith%T aF quL [pM] aF 0(1) = hbE?" + E{I/’T aF EZ)’T aF f quL [p] d,u(p) aF 0(1)

DyrLL

(11.6.54)

! >hbEY" + By + EZ" + £ + o(1)

I11.6.3 Conclusion
— Proof of Theorem II1.1.5:

Let (¢)n)n be a sequence of minimizers of (I1.1.7), by (I1.5.9)

Eg\jfv> — <1/JN|¢fN¢N> = gsc,hb [mwN] + O<1)

Since the lower bound is true up to a subsequence for which the have Proposition I1.6.10,
for every adherence value of E(N)/N we conclude by gathering Proposition 11.6.2 and
« Proposition I1.6.9.

— Proof of Theorem I1.1.7:
With (I1.6.46) and (I1.6.30) we get

Rk
k) = 7 d
Prsn N f ( T2 g+ 7) 4 p> 1(p)

DyLL
Let ¢ € C* (%) with (IL5.7),
k k k k
J o (B = o) = Jso (g2« %) — p8)) = prmi ()% =9 =) — 0 (IL6.55)
Ok Ok Ok

by Hélder’s inequality since

=1

(k)
o]
and ¢ is Lipschitz. Up to a subsequence pff]\)] converges Vk € N* in the sense of Radon

measures. But with (II.6.55) this limit coincides with the one of pgfsz so we obtain (I1.1.25).
Moreover by (I1.6.54) and Proposition I1.6.2

&> | Eurlildu(p) + o)

DyLL

. thus p only gives mass to minimizers of &,z
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Chapter 111

Semi-classical limit of the 2D Hartree
equation in a large magnetic field

G-*Q_:_/é@?._:_—)4~9—

Abstract:

We study the dynamic of two dimensional fermionic particles submitted to a magnetic field,
assumed to be transverse to the domain and homogeneous. A large magnetic field regime where
the gap between Landau levels is of the same order as the other energy contributions is considered.
We start from the Hartree equation for the first reduced density matrix, describing the mean
field behaviour of a large fermionic system, and derive a gyrokinetic transport equation for the
first reduced density. We define a semi-classical density for which the dynamic is computed and
compared to the limit gyrokinetic equation. It is shown that the first reduced density almost

satisfies the gyrokinetic equation and converges in the sense of measures to a weak solution of
this equation.
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II11.1 Context and results

II1.1.1 Model

We consider a large system of interacting fermionic particles in two dimensions. They are placed
in a homogeneous magnetic field perpendicular to the domain. In this context the kinetic energy
of the particles is quantized into discrete energy levels called Landau levels, separated by a finite
energy gap. Our goal is to study the semi-classical limit of the dynamics under high magnetic
field. This setup is physically motivated by the quantum hall effect, see [22] for some physical
context. We will start from the Hartree equation appropriate for a large system of fermions,
and obtain a gyrokinetic transport equation for the density.

— Notation IIT1.1.1: Model

We work on R?. The one body kinetic energy operator, also called magnetic Laplacian, is
%, = (ihV + bA)?
With
Dom () = {u < L* (R?) | 440 < I* (R?)}

We work in symmetric gauge, namely the vector potential is

1
A= 5XL (ITL.1.1)

where X is the position operator in R%. b is the magnetic field amplitude, we associate to it
the magnetic length

h
lb = g

Let V' be the external potential and w the interaction potential assumed to be radial:

w(z —y) = 0|z —yl)

We denote LP the p' Schatten space. Let v € L® (R,, L' (L* (R?))), and p., be the associated
reduced density

py(t, z) = y(t)(z, x) (II1.1.2)

Here we identified v with its integral kernel and we will use this convention for the rest of the
text. Let W : R? — R be a potential, we introduce a notation for the gyrokinetic differential
operator:

GYROw (p)(t, 2) = Quu(t, 2) + VW (2) - Vu(t, 2)
GYRO, (1) (t, 2) = GYROy ypup(e) (1) (t, 2) = Qpu(t, 2) + V- (V +w = p(t)) (2) - Viult, 2)

Finally denote

1
Hb(t) =24 +V + §w * Py (t) (111.1.3)
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Our goal is to obtain from the Hartree equation
ihoyy =[G+ V +w* py, 7] (IT1.1.4)
the following gyrokinetic transport equation for a density p: R x R? - R,
Op+VEHV +w*p))-Vp=0 (I11.1.5)
The Hamiltonian %3, + V' 4+ w * p,, is time dependent hence the total energy is not preserved

through the evolution (II1.1.4). However, see Proposition 111.3.2, the quantity Tr [H,(t)v(t)] is
constant due to the 1/2 factor in front of the interaction term.

I11.1.2 Scaling

In classical mechanics, the movement of a fermion in a transverse magnetic field is decomposed
in a cyclotron orbit and the motion of the orbit center. As exposed in Subsection I11.1.4 the
latter takes place on a time scale of order b. As recalled in Subsection II1.2.2, the order of
magnitude of the kinetic energy is Ab. Our plan is to look at a scaling where all the terms in
the Hamiltonian are of order 1 and the time scale is of order b.

— Notation III1.1.2: scaling
We take a high magnetic field limit

b— +o0
coupled with a semi-classical scaling

h — 0

b—0o0

such that the magnetic kinetic energy is of order 1:

b — 1 (I11.1.6)
b—0
Let v € L* (Ry, L' (L*(R?)), such that
Tr[y(0)] =1 and 0 <~(0) < 27} (I1.1.7)
define the time rescaled density matrix
If - satisfies (I11.1.4), the equation for the time-rescaled density matrix is
) 1
oYy = = L+ V +wxp,, ] = g [+ V +w*py,, ] (IT1.1.9)
b

Due to the constraint (II1.1.7) known to propagate in time (see Proposition I11.3.1), from (III.1.2)
we see that

[EXCRET0)

R2
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Moreover the Pauli principle 7, < 27l guarantees that the system occupies a volume of order 1
in the limit

lb—>0

b—0o0

Indeed it is known, [22| or [46, subsection 1.4], that the degeneracy per area inside a Landau
level is of order [, %, A typical fermionic state satisfying (II1.1.7) is a projection onto a N-body
Slater determinant of N orthonormal one body wave-functions with

1
N = —
© (27rlg)

Such a N-particles state occupies a volume of order

N
l,?

- o(1)

Hence with (III.1.6) this confirms that all the terms in the Hamiltonian %, + V' 4+ w  p, are of
order 1. If one starts from the N-body Schrodinger dynamics, the fermionic characteristic of
the system is imposed by the anti-symmetry of the wave-functions. Starting from the mean
field dynamics, the fermionic characteristic is imposed directly via the Pauli principle v, < 2ml2.

As a remark, we give an equivalent formulation of this scaling. If one takes exactly i = 1/b,
then (III.1.9) is equivalent to

0y = [(1V + b*A) + b*(V + w * py, ), ]

In other words with the new scaling

b= b
b2
Yo = %’Y

we have

b
T[] =5 W<l

21’
~ 2~
i0,7 = [ z’V+bA> —l—bV—l—w*p%,%]
o~ 2~ v
where all the terms in the Hamiltonian <iV o bA> + bV + w x p5; are of order b.

I11.1.3 Results

The classical counterpart of this work, starting from the Vlasov equation, has been well studied
[34] [54] [15] [35] [11] [2] [14] [37]. Some results start from Newton’s dynamics [36]. In the
quantum literature it is known that the Hartree equation can be obtained by a mean field
limit from the N-body Schrodinger dynamics [5] [39] [45]. It is also known that the Vlasov
equation can be derived by a semi-classical limit from the Hartree equation [38] [9]. The mean
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field and semi-classical limits can be coupled to obtain directly the Vlasov equation from the
N-body Schrédinger dynamics [32] [33] [31]. More recent results have been dealing with singular
potentials [7] [4] [8]. We also refer to a semi-classical work [18] obtaining Euler’s vorticity
equation from the N-body Schrédinger dynamics in a regime where the gap between Landau
levels is small compared to the interactions. Note that for large magnetic fields, the limit of the
fundamental energy of the N-body Hamiltonian and the associated densities have been well
studied [26], [20], [24], [25], [27] [44], [21] [46].

Now, with Notation III.1.1 and Notation III.1.2, we can state our main results. The first
reduced density approximately satisfies a gyrokinetic dynamics:

— Theorem I11.1.3: Gyrokinetic limit of the Hartree solution
Let v, € L® (Ry, L' (L? (R?))) be a solution of (II1.1.9) and assume

Tr [%(0)] = 1,0 < %(0) < 27}
Tr [7(0)Hp(0)] < 0

If V,we W (R?), then Vp € C* (Ry x R?),

f Pyt 2)GYRO,, (¢)(t, z)dtdz — fgp(O, 2)p, (0, 2)dz| < C(p, V,w)
R. xR2 R2 In (lb_l)
4+ X

Moreover the reduced density converges to a weak solution of the gyrokinetic transport
equation.

— Theorem I11.1.4: Convergence of densities

Under the same assumptions as Theorem III.1.3, up to a subsequence, p,, converges in the
sense of measures:

P, P € MR xR
p(0) = po€ M(R?)

to a weak solution of (ITI.1.5), meaning that Vo € CF (R, x R?),

| pr vt wen) ip) = [olOm =0

R xR2 R2

I11.1.4 Classical orbits

In this part we study a classical particle of charge —1 in a transverse magnetic field of amplitude
b in a force field F. Our goal is to extract some useful heuristics from the dynamic of this
particle. Newton’s fundamental equation of dynamics gives

Z"(t) = F(t, Z(t)) + bZ'(t)* (I11.1.10)
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After one integration, assuming = 0
t
Z'(t) = Z'(0) + JF(T, Z(7))dr + bZ ()" — bZ(0)*
0

Inserting this in (II1.1.10) we obtain

Z'() + BZ() = F(t, Z()) + b f F(r, Z(r))-dr + bZ'(0)* + 822(0)

For a constant and homogeneous force field,

RAQINCED Ft

26) === {nioty ) = (I11.1.11)
- ~ / \/—J
=Zc(t) =:Z4(t)

is the trajectory satisfying
The evolution equation for the drift of the orbit center is

Fi
Zy(t) = s

The characteristic time of this drift is of order b. Indeed if one define
Zap(t) = Za(bt)
the drift is of order 1:
Zél,b(t) = F*

This analysis gives us important information about the motion of the orbit center of particles.
First, this motion has to be observed over a time scale of order b, hence the time rescaling of the
density matrix (II1.1.8). Secondly, the shifting motion takes place in the direction perpendicular
to the force field. For instance, if one takes

F=V+wx*xp

this explains the origin of the VX(V + w  p) in the Gyrokinetic transport equation (II1.1.5).

For the cyclotron motion Z,., the characteristic time is 1/b. We see from (II1.1.11) that the
radius of the cyclotron orbit

is small in the large magnetic field limit. This means that this part of the dynamic, even though
it consists on fast oscillations, should disappear in the limit equation.
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II1.1.5 Organisation of the paper

Section III1.2 and Section II1.3 are preliminaries respectively about the magnetic Laplacian
and the conserved properties of the dynamics. In Section II1.4 we introduce the semi-classical
densities and prove that they approximate the physical density. Then we study the dynamics of
the semi-classical densities in Section II1.5. Section III.6 contains the conclusion of the proofs
of the main theorems. Our method is similar to [32] [33] [31] the main difference being about
the phase space. Our phase space is N x R? because the gap between Landau level is of the
same order as the other energy contributions, and thus doesn’t disappears in the limit. For
comparison, when one does semi-classical approximations with a small gap between Landau
levels, the phase space is the usual position momentum phase space R? x R2.
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II1.2 Quantization

The usual quantization of the magnetic Laplacian gives us a basis of eigenstates indexed by two
quantum numbers n and m (II1.2.10), n being the index describing the Landau level. With the
aim of obtaining a projector on a point in phase space, coherent states are used for a fixed n.
In dimension two, the complex parameter in the definition of coherent states can be identified
with a position. We thus construct (Definition I11.2.11) a one-particle state in the Landau level
n located at a point in space. Then, some properties of the associated projector are given.

II1.2.1 Spectral analysis of the magnetic Laplacian

In symmetric gauge, the magnetic Laplacian is

b [—2\ )2
_ L a2
.z@,_(mv+2(xl))

After conjugation by e 2 , we obtain the magnetic Laplacian in Landau gauge:

Z.x1322 _ 2 _1;11:1$2 _ 2 2
¢ (inv 4 2(722)) ¢ < (v 2% +12 )Y _ (v 4o (0
2\ 11 2\ 11 2l \T1 Ty

= (ih0y,)® + (1hy, + bx1)?

Using the unitary Fourier convention
Fulv) = (0) == — [ula)ed
u(v) =u(v) = — | u(x)e 7
V2T
R

one conjugation by the unitary Fourier transform in the variable x5, we obtain

Fuy ((0705,)? + (ih0y, + bx1)?) Fo)t = (h0s,)? + (—hvy + bzy)?
Defining the translation by r € R operator in the x; variable
Tou(zy) = u(xy — 1)
after one last conjugation,

T_p,, ((ih05,)* + (<l + bx1)?) Tp,, = (ih0s,)” + (b))’

we see that % is unitary equivalent to the 1D harmonic oscillator. And the 1D harmonic
oscillator is well known to have a compact resolvent because of the following embedding.

Proposition I11.2.1
|/H1(R) n L?(R, |x| dr) is compactly embedded in L?*(R).
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— Proof:
Let (,)nen be bounded in H'(R) n L%(R, |z| dz), in others words:
el 2 + el unll g2 + [1W'l] 2 < € (IL.2.1)
Since (un)nen and ((1 + |o|)uy), o are bounded in L?(£2), after extraction, we can assume
u, — ue L*R)
n—00

(1+ |o)u, — ﬂeLQ(R)
n—0o0

One checks that @ = (1 + |e|)u by testing both limits against test functions in C'?°(R) which
is dense in L?(R). Then, notice that

1 —ivT
(V) =—— | u,(x)e ¥*dx (1 + |z|)un( dx
) === [ wn(o)e fj ol (o)
R
1 7741/27 .
R
because € L*(R). Moreover,
1+ ||
B < —= 1+ founlls ||| <[ (111.2.3)
(V)] < — o|)u, S| O | p— 2.
2 L2 ]-+‘.| L2 ]-+|.| L2

Let R > 0, with Parseval’s formula

Jun = ulle = 1T =2 = [ o) - )P e+ | (@) - 2 de

lz|<R |z|>R

The fist term goes to 0 because of (I11.2.2), (II1.2.3) and dominated convergence. The second
term goes to 0 when R — oo uniformly in n because 4 € L?*(R) and (i, )nen is a tight sequence
because from (II1.2.1),

[t g = f (1+[v]?) [tn(v)* du < C

R

We conclude that

3 ln = ull2 = 0

Therefore we known that .%, has a pure point spectrum and that L?*(2) is a Hilbertian
direct sum of its eigenspaces.

II1.2.2 Landau quantization
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k.

In this subsection, we set up the usual formalism for the description of the magnetic Laplacian
in terms of annihilation and creation operators. More details about these operators and the
properties of Landau levels can be found in [28].

— Notation I11.2.2

We denote by py, ps the coordinates of the magnetic momentum:
D1 thoz, + bA;
Php = =5 — || .
’ j 2 thoy, + bAs
and define the annihilation and creation operators respectively as

. Prtips  P1— i)

(0
V2hb V2hb

¢ and the number of excitation operator N == a'a.

The following is standard:
— Property I11.2.3: Commutation relations

We have the commutation relations:

[p1, p2] = ihb
la, aT] = Id (canonical commutation relation)

and

%, = 2hb </\/ - %)

sp(M) =N

©»
— Proof:
Start with
[p1,p2] = iR (0p, Az — 0py Ar) = ihb

SO

2hb N o2hb

[a,a] = [p1, —ip2] + [ip2, ;1] —2i[p1, pa] 1

and we compute

yoPitptipip] 4 W

o2hb C2hh 2

Then,

[V.d] = d'aa" — a'a'a = a' [a,a’] = o
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and similarly
[N,a] = —a
Let n > 0 and assume u,, is a normalised eigenvector of eigenvalue n, then
Na'u, = a'aa’u, = a'(a’a + D)u, = 'V + Du, = (n + 1)a'u,
and compute the norm
(aTup|atuny = (uplaatu,) = (up|(N + Dndy =n + 1

Therefore

al
U =
n+1 /7,” 1

is a normalised eigenvector of egeinvalue n + 1. Similarly,

Up,

Nau, = (n — 1)au, (I11.2.4)

soif n # 0

a
n
is also a normalised eigenvector of eigenvalue n — 1. Iterating this process we must have
n € N otherwise we construct eigenvectors of negative eigenvalues which is impossible since
N is positive. Thus sp(N) = N.

Since the spectrum is non empty it contains one eigenvector of integer eigenvalue. And

successive applications of a and a' to this vector generates the whole spectrum N. Moreover,
if ug is an eigenvector of egeinvalue 0, aug satisfies

Up—1 = Unp,

NCLUO )
but auy cannot be an eigenvector so
aug = 0 (II1.2.5)

Notation I11.2.4: Landau levels

We define the n'" Landau level as the eigenspace associated to n € N:
nLL = {¢) € Dom (%,) such that Ny = ni}

The ground level, denoted LLL for Lowest Landau Level has energy FEy = hb.

Next, we state that the Landau levels are isomorphic.
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— Proposition I11.2.5: Mapping between Landau levels
al

vn+1

The Landau levels are isomorphic, and the operator is a unitary mapping from nLL

to (n+1)LL of inverse

a
vn+1

— Proof:
Let ¢ € (n+1)LL,

(lT a
Vvn+1l 4/n+1

Y =1

Because of (I11.2.4),

ZLyap = 2hb (n + %) ay

al
: nLL — (n+1)LL is

so Zay € L*(Q) and ap € H*(Q). Thus ayp € nLL and T

surjective. Finally the mapping is unitary:

1 1 1
x Vx, ¥ € nLL, ] (a’x|aly) = ——] {x|aaly) = ——] XN+ D)y = vy

Therefore we can extend a basis of LLL using a' to higher Landau levels.

I11.2.3 Landau levels

It is know [28] that the Lowest Landau level consists of holomorphic functions pondered by a
Gaussian factor.

— Notation II1.2.6
For the rest of the text, we will identify

)=
T2
with the complex notation x := x; + x5 and use

Oz, — 10z, Op, + 10y,
: =g &=
— Proposition 111.2.7: Lowest Landau level

Denote by O the set of holomorphic functions, then

2
_ =

LLL c ker(a) c Qe *&
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— Proof:

Take ¢ € LLL, we saw in (II[.2.5) that ay) = 0 so

) )
0 =(p1 + ip2)tp = —(ih0y, + A1 — B0y, + ibA)) = — (Qihax — 37 + ¢§x1) )

X

— — 2ih (ax + —2> VP (II1.2.6)
412

Hence 4f € O, such that

_l=?
% P =fe
In classical mechanics, a charged particle in a 2D plane subjected to a transverse magnetic
field follows a cyclotron orbit. In the previous section, we quantized the kinetic energy of the
cyclotron orbit. To finish the quantization, one can try to quantize the wave functions as a
function of the position of the cyclotron orbit, called the guiding center, in the 2D plane. This

approach is justified by the fact that in what follows, we will need to reintroduce the potentials
V' and w, which depend on the position in space.

— Notation II11.2.8

We introduce the following position operators

r = " = —(@h%b = 1 P2
T2 b b \ 1

R=X-—-r
We can therefore define creation and annihilation operators by:

/Z;_Rl—iRg ET_R1+iR2
% V2L, V2L,

r represents the position of particles in the center of orbit frame. The classical physics
meaning of this definition is that, since particles trajectories’ are orbits, their momentum is
perpendicular to their relative position with respect to the center to the orbit. Electrons are
describing clock orbits thus the momentum rotated of 7/2 gives us r. Moreover, r is related to
the quantization of the cyclotron pulsation of the orbit because

V2R 2L, V2L
iT
V2,

From the definition of r, the position R of the orbit center is indeed

p1 + ips T — 1T —Ir

al =

X=R+r

and related to the second harmonic oscillator

5 R
V2L,
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We have the following commutation relations:
— Proposition I11.2.9

r, R and X commutes with one another. Moreover

— Proof:

With direct computations

[~ ~ 1 1hb
Ri,Ry| = ﬁ [—p2>p1] = b_2
- ~ 1 ~

_IE, Rl] = 5 [xﬂ _pQ] =0= [y: RQ]

7] = [ 8] = 0= [, )

= il}

ERAREE NAE %[x,pl] Rk - % i = 0= R, B
1

[Ra, Bal = |o = Foy = Bo| = 7 (o, =1 + [po, o)) + | P, o | = —it2

¥

[8, ET] _ é[Rl,Rﬂ —1d

We therefore have two independent harmonic oscillators. By successively applying the
creation operators a and b' we obtain the desired basis. One can look at [50] [30] [49] 28] for
some references of the following expressions.

— Proposition I11.2.10

In symmetric gauge (II1.1.1), the family defined by
()" ()"
i e 4

with

(z) .

x) = —e
a V2rl,
is a Hilbert basis of L? (R?). The full expression, is

((—2il20x +iX)" x™) ==

——Le (IIL.2.7)
vanlm! (ﬁlb)

POnm(T) =
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— Proof:
In complex coordinates, using the computation in (II1.2.6),
X
. <2mai + ib—)
2/ — \/2ilyfx — i—
V2hb T

P = /20 + i
a ily, 22\/515;

R x T X
V20, V20 N2 V2L

B = V20 + ——
S WoTR

Let’s determine the common ground state by solving

=

X

+ial = V20x + ——
a b 2\/§lb

b=

2
_l=|

412

gfe b =0

We have

V20y0u f + (— = >f = V200 f =0

X
+
2420, 24/21,

and since f is holomorphic it is constant. Then

2
e

©o,0 = C'0,06 0
Choose Cy such that [|pogll;. = 1:
leoollz: = Coo Je % dy = Cfo2ml f 2re”" dr = C§ 2nl}
R2 R,
thus
1

Coo =
0.0 vV 27le
Then the basis

C n (3™ _ﬁ
Qpn,m(x) = /r(:fn' (QT) <bT> e a3

is an orthonormal Hilbert basis of L? (R?). Since we are interested the creation and annihila-
tion on the polynomial part of the wave-functions, define for an operator u

\z\; _ \z\j
4lb 41

u=-ec'ue "

Therefore




with
(1) ()"
Poy=——-—""1Id
’ nlm!
and

afe |z\2 (xleb& f) 'Z'?
_l=?

le2 e _le2
alfe % = (—ﬁilbﬁxf + \;;lbf) e 4

bfe S _ (\F b0, f) -

2 2
|z] |z|

B e — (—valoe +i> Ki
fe <\/7b f \@lbf €

so we get that

a = —/2ilyox
~ 1X
f = —/2ilydy + —
¢ v2ily V21,
b = V20,0,
Bt = —/2U05 + ——
’ V2L,
So we have
P = | —/2ily0s + — V2005 + )Id
7 vn'm ( e V21 b> ( ’ V2,
(=260, + ix)" x™
3 vnlm! (\/§lb)ner

I11.2.4 Coherent states
— Definition I11.2.11

Define the coherent state

ingzg
r(/)n,z = e V2 ®n,0

and the associated projector

II z = |¢n,z> <¢n,z|

the Landau level projector

I, = Z |0nm) (Prml

meN
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the localised projector

Let N7 < N, define the truncated projector

No
HleNg = Z Hn

n=N1

HsN = Ilp.n

with similar definitions for II. 5 and <y ., IIo ..

We also have the following resolutions of identity [50],
— Lemma I11.2.12

1

—— | IL,,.dz =11,
27715[ =02

R2
1
— I, .dz = Id
27rlg ZJ =02
neNR2

JHZdz =1Id

R2

(I11.2.8)

(111.2.9)

Note that v, . is localised around z since

ﬁ'Q/Jn,z = zwn,z

We have the following expressions for the coherent states (see [50]):

— Proposition I11.2.13

Hn,z (I‘, y) = 27_‘_”'[2

2
2l
lo—yl2—2i(at-y+2: 1 (e-v))

2
4lb

1

B 27Tlg ¢

I, (z,y)

i X - 7 n 7\x—z|2—2212l £
n,z\T) = (& t
w ’ ( ) \/271’77,”1) (\/5[17>
1 ((m) (y - Z)>" 6_\xfz\2+|yfz\2272i%»(m—y)

(I11.2.10)

(I11.2.11)

&
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— Proof:
By the properties of the coherent states
_lz?

I
_ 41% Z
Yn. =€

= m —%nm
meN (\/ﬁlb) m!
so with (II.2.7),

2
_ =

Un, () =€ *

Z z" ((—2ilox + ix)" x™)
m . e e
o (V2L) " Vml ptmd (v21,) "

Z:
2 2 o —\7N 2 .
— R (241205 + 9X)" e "
=€ b

(m)" _Iz\2+|4zl|22—2ix
— @ b
V! (\/ilb)wrl V2rnll, \ V21,

z—2|2 —2iIm[zx
_ i (X-z) e_L |4z2,31[ ]
\/27T7’L!lb \/ilb

2
—lz|

412

note that

Im [zx]

= Z21X9 — 22X = ZL - T
SO

in x=7\" 7\1_2\24—22”#1
n2(X) = e %
Yns(2) v 2mnll, (ﬁlb>

We also obtain the kernel of the projector

1 (X - Z) (y = Z) " —"”—Z|2+\y—2|22—2izl~(:c—y)
an ) —¥n,z n,z = 4l
) =t (@0 0) = 5o ( . . ;
1 (x - z) (y - Z) n ,2\z|2+\x\2+5\22—2(2x+zy)
- 111.2.12
2mnll2 < 212 € b ( )
Then compute
1 (X - z) (y = Z) n _2|Z\2+Iw|2+\y|2272(2x+zy)
HZ ) = 4l
(z,) 7; 2mnll2 ( 212 b
1 2122422+ y?—2(@x+2y) —2(X = 2)(y - 2)
=—e 4l%
272
and
2 |Z|2 + |x|2 + |y|2 —2zZx+2y) - 2(X-2)(y - 2)
= |x|2 4L |y|2 —2(zx+2zy+Xy — Xz —Zy) = |v — y|2 — %Tm [Ry + 22(x - ¥)]
SO

1 7|a:7y\272i(ml-y+2zL»(mfy))
L(z,y) = 5 ¢ K
b
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From (II1.2.11) we immediately see that

VI (z,y) = o ._Qx
Wl
or as operator identity
1
Vi, = i [11., X] (I11.2.13)

This formula will play a key role in the computation of the spacial derivative of the density in
Section IIL.5. The following lemma is an approximation of (II1.2.13) for the truncated projector.

— Lemma I11.2.14

1 o i _ N +1 1 1 |¢N,z> <wN+17z|)

V N, = ilg [HgN,z,X] —\/ﬁlb <—i Z) <|¢N+1,z> <¢N,z’ (II1.2.14)
= L _vntl ( 1 1) (rwn,» <wn+1,z|>

VZ Hn,z Zlg [HmZ’ X] \/ilb —{ ) |77Z}7’L+1,z> <wn,z|
vro (11 ([Ynors) <¢n,z|>

+ 2 (50 (B (111.2.15)

and

—1 Id VN +1
Vi_ ® vi_HéN,z(may> = ($ — y) <N,z(x>y) —+ 22HN,Z($7y> - :
ly V2l

©1
D (e (lrCEe=my ()
_N~+1 < 1 1> xii¢Nz( Wni2:(4)  Unie(@)dni2(Y) (1 _Z-)

P —_— N +2 S —
2, R O . 2 D)

Iy
(vio (o) (¢

-1 1

N +1
(II1.2.16)
©»
— Proof:
Step 1: Proof of (II1.2.14)
Using
¢n,z ’ll)n o
@)= mb e
o) = =2 Y0 W)
n,z \/7 \flb n—1,z
With (I11.2.12) compute
-Z Z - X
aan,z(xa y) :Tlgnn,z(xa y) + Q—Zanfl,z(xa y)
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T s () ) + XQEQZzﬂmz(x)wn,Z(y) ZQ'ZQ Yoot (@)1 (9)

b

@) — 1 0 0a) + 12 0)
and
o112 (2, ) —XQE;H“ e %nn_m(% )
=TS @) + T @ 8) + S 0 0)
=TS ) ) qwnx Jur20) - ﬁbwn 12(@) 0 0)
So

O (2, y) = (05 + 02) I 2 (2, y)
L2 — Y2
= (0,0) + T (Vs @) — Ve @)

S (RE T o B e )
and

622HR,Z(I7 y) :Z (a _ ai) Hn,2<'r7 y)

yl;“H @)+ Lo (1@ 0) + o0 D))

\/—lb n—1 z wn z + ¢n,z (-f)wnfl,z(y))

We deduce that

1L . L=y - n+1 1 1 ¢n,z($)wn+1,z(y)>
V Hn z(x y) Z l2 Hn,z(xvy) \/ilb (—Z l) (wn+1,z(x)¢n,z<y>

50D

After summation over n, we conclude that

1 o T =Y . VN+ 1 1 1 wN,z(x)wN+1,z(y))
Vellena(@,y) = imtlans(o9) = 5, (—@' ) (¢N+1,z<x>w,z<y>

Step 2: Proof of (II1.2.16)
Noticing that

—1 7Z - X

wNH,z(SU)—\/i\flb

YN,z ()
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¢N+1,z(y) \/7 \flb ¢Nz( )
we get
77DN,Z(SL.)1/}N+1,Z<:U)> _ i (Z'Y>
<¢N+1,z(x)w1\f,z<y) \% N + 1\/§leN7Z(:E’ y> X-Z
Thus inserting (I11.2.14),
val <¢N,z($)¢N+1,z(y)>
= O v (2) o)

~ i, (V) 8 () + T o7t o ()
S enen)® et () .
(4 ) () o ()

=1

b TIy.(x )( ! _Z>
YN+ Iv2, PP

— Y ® (wN,Z($)¢N+1,z(y))
ll% wN+1,Z<x>wNz( )
N+2 - S
_ YAV ( : 1) NP @¥v2a()  Yvea(@)Pnay)
V2 YN+1,2(T) YN +1,2(Y) N+2¢N+2z( V.2 (y)

N +1

1 11
b TIy.(zy) (. 111.2.17
TN v, (@) (z —z> ( )

SO
Vi®Vilcy.(z,9)

=V illey(2,y) @i~ 2 Ve N+ : (—1@ @) (Z§+f)<m>

_Zlo e VYN, (T) VN1, z(y)> T~y
l4 (x ) H<NZ 'T y \flb <_Z Z> <77DN+1Z wNz< ) o lg
VN A1 (YN (@) PN > <1 —z)
\/>lb vz ® (1/)N+lz wNz (111218)

From (II1.2.17) we can isolate

(brolepr)) g 2
wNJrl,z(x)wN,z(y) ll?
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~(vio (i) e} L)
L VN1 %ﬁm( Wnta:(y)  Unre(@)PNi(y) (1 _i)
(v)

_— N +2 — N
ﬁlb ¢N+1,z(l’)¢N+1,z(y) - z/}N4r2z< )¢N,z Yy !

N +1

thus inserting this in (I11.2.18),

Vi_ ® angN’z(l’, y)

=;—41(:v — )% en,:(7,y) — \/ﬁvz ®© <Z1+EEM) G 7>

L (G ) (e Guiet)) +ap (G Dmeten ()
_N+1 (1 1) xii%\u( )m YN11,2(2 )m( | (1 _ZZ)

2 _ N E—
2, YN+1,2(T) N 41,2 (Y) N 1 2¢N+2 A7) N (Y

Id, VN +1
:_($ - y)®2H<N,z($v y) lg HNz(x y) \/ilb :

(e (i) (0 3) - (e (i) 6 2))
_N+1 <1 1) xi??ﬁm( Wn+2:(4)  UN1a(@) N1, () ] —i)

2 _ D) — | \1 ¢
2, R 0 T 2 s (@) D) Z

—4 4

=i 4

N+1
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I11.3 Properties of the time evolution

The goal of this section is to expose some basic properties of the dynamics: conservation
fermionic states (Proposition I11.3.1), conservation of the energy (Proposition I11.3.2) and of the
kinetic energy (Proposition 111.3.3).

I111.3.1 Conservation of fermionic states
— Proposition 111.3.1

Assume v, € L” (Ry, L' (L? (R?))) solves

() = % [L + V + w0, 1)
and satisfies
Tr[%(0)] =1, 0<7(0) <2nl;
then Vt e Ry,

Tr[w(®)] =1, 0<m(t)<2rl

— Proof:

First, the trace is preserved by the evolution because

%Tr [%(t)] = %Tr ([ +V + W py),w(t)]] =0
Moreover
w(t) = U(E,0)7,(0)U(0, 1)
with
Ults ) = e% §2(Lo+V+wpy, () )dr
S0
7(0) = 0 = (t) =U(¢ 0)w(0)U(Et, 0)* =0
Py v(0) < 27l = 2wy — (t) = U(t,0) (2rl; — 1(0)) U(t,0)* =0 = (t) < 27l;

I11.3.2 Energy conservation

Recalling the notation (II1.1.3), we state that the quantity Tr [y,H,] is preserved through the
dynamics.
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— Proposition I11.3.2: Energy conservation

Assume v, € L® (Ry, L' (L? (R?))) solves

1
Oryp(t) = T |4+ V + w  pyy ), )
b

then
d
ST (1) ()] = 0
— Proof:
First compute
H(1)(2) =3 (00 * pry0) (2) = 5T P(t)uo(o = 2)]
5T (% +V + ws g w0 we = 2)]
=T [[ule = 2), 4+ V 4w x pr] w(0)] = 5T ([l — 2), L1 (t)]
b b
1
T 020 = | poo (A = 535 | T [ (e ~ 2, Al (0]
= Tr [[w * pyy 0, L] (8] (II1.3.1)

:ilz

we can compute

Tr [8,75(£) Hiy (£)] :%Tr [+ V + 0% poyie, ()] Ho(®)]

1 1
=1 HHb(t)’ Hy(t) + Fw * va(t)] %(t)]
b
1 1
=g It [[Hy(t),w % py ] (1)] = o I [Z5w* pryn] w(t)] (IIL3.2)
b b

Then with (II1.3.1) and (II1.3.2) we conclude that

3 %Tr [y (£) Hy (£)] = Tr [y () Hy (£)] + Tr [76(£)0:Hy(£)] = 0

Next we use the energy conservation to control the kinetic energy. In Section II1.4 and
Section II1.5 we will estimate error terms using this control.
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— Proposition I11.3.3: Kinetic energy conservation

Let 75 € £ (L? (R?)) ,W € L*(R?) and assume

Tr[y] =1

then

Tr [v-%] < |Tr [y (L + W)]| + W]

Proof:
The kinetic energy is bounded by

Tr[%25] = Tr [ (£ + W)] = Tr [y W] < |Tr[% (£ + W[ + (W]l

In Proposition I11.5.4 we manage to control the dynamics of a semi-classical density using only
the kinetic energy. But we also present some estimates in Proposition II1.5.1 and Proposition
IT1.5.3 that only work with higher moments of the kinetic energy. Conservation of higher
moments of the kinetic energy is a physical assumption. The next proposition is an attempt at
controlling the 2"¢ moment, however conservation could not be obtained yet due to the presence
of 1/I, factor in the derivative.

— Proposition II1.3.4: 2"¢ moment of the Kinetic energy bound

Let t € Ry, w(t) € £ (L? (R?)),W € W2*(R?) and assume

Tr[w®)] =1, 0<y()

1
Ow(t) = =5 |4 + Won(t)]
b
then
d VIV ;o
1 025 < © (Al + L2 ) 3 .2
©r
— Proof:
First we compute
) 1 1
—Tr [-Z2] = T % + W, %] ] = T [[<£2, W] ] (I11.3.3)
b b

With a direct computation
[Py, W] = [ihkV + bA, W] = ih VW
SO

[, W] =[P, W] = Py [Py, W] + [Py, W] - Py = Py - (ikVW) + ilVW - P,
=ih [Py, VW] + 2%RVW - Py = —h*AW + 2%RVW - P,
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and

Tr [[L7, W] w] =Tt [ [4, W] + Te [[4, W] L]
= — 12 (Tr [BAW ] + Tr [AW L))
+ 2ih (Tl" [D%VW ° c@b%,] + Tr [VW . c@ba%’)/b])

But
[Py, VW] = P, - VW — VW - Py = ihAW
SO

Tr [[Z2, W] w] =h* (Tx [AW Sy — Tr [LAW))
+ 2th (TI" [D%VW 0 e@b,yb] + Tr [c@b 0 VW.,%,’}/(,]) (11134)

As operators

AW L — LAW < e|AW]? + 9% elAW |3, + ,iﬂb (II1.3.5)

and with Cauchy-schwarz inequality

\Tr [.,%VW : v@b’}/b] + Tr [f@b : VW.,%’}/I,]’
= [T [ BYW - P | + T [ 2, - VW L

g\/Tr [%égbvw. <7$,%VW>*] Tr l%%} : (%%é)*]

n \/ Tt [’yb 2, (% %)*] Tr [VW.,%%} (VWi )]

<2/ Tr [0 VW L] Tk [10G] < VW o A/ Tr [0 2] T [10.24) (I11.3.6)
: : hb : .
Inserting (I11.3.5)with € == ———— and (II1.3.6) in (II1.3.4) we obtain
AW 20

1
[T 125 W] ]| <12 AW (104 25T [0 ]) + 209 W e /T ] T ]

Recalling that %, > hb = o(1) we get

2

1 (122, W)l < (5 1AW e + 2 I9W ) T [ 257]
= (B 1AWl + 25 [W ) T [3,2]

¢ We conclude with (IIL.3.3).
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III.4 Semi-classical approximations

In this section, we introduce the semi-classical density (II1.4.2) and the truncated semi-classical
density (II1.4.3) that only takes into account Landau level under a certain threshold. One main
difficulty in our method is that the coherent states (Definition I11.2.11) are not well localized
on high Landau levels, hence the introduction of the truncated semi-classical density. The
Kinetic energy is used to control the number of particles in high Landau levels. The truncated
semi-classical density turns out to be a good approximation of the physical density (Proposition
[11.4.3). It is also possible to show that the semi-classical (untruncated) density is a good
approximation of the physical density (Proposition I11.4.2) but this requires higher moments of
the kinetic energy.

— Definition I11.4.1

Let v € £'(L*(R?)). We define the semi-classical phase space density associated to 7,
so-called Husimi function by

1

= —— (U |VWn.) = —5Tr 1L, . I11.4.1
and the semi-classical density
SC 1
Pi(2) = Y my(n,z) = 5o It [IL1] (I11.4.2)
neN & b
Let N be a sequence such that
N — o
b—00
and the truncated semi-classical density be
sc, <IN 1
P3SN (2) = =5 Tr [vlen ] (II1.4.3)
2rl;

©r

The parameter N will represent the number of Landau levels we take into account for the
semi-classical approximations in Section I1I.4 and Section III.5.

II1.4.1 Semi-classical density

Proposition 111.4.2: Convergence of the semi-classical density

Let k > 1,v, € L' (L? (R?)) and assume

Tr[v] = 1,0 < 7, < 277
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then Vo € C* (R?),

[2F3 if k<2

1
[ 2 (0n = o5)| < OB gty Te (0] - g () itk =2

R2
lb ifk>2
3
Notice that this estimate requires k > 5 for the error on the right side to be be small.
— Proof of Proposition 111.4.2:
Let ¢ € CX (R?),
e 1 1
¢ (v = P5) =Tt [on] = 55 | P()Tr ML) dz = o— | Tr[(p — p(2)) Ly] d2
27l 2rl;
R2 R2 R2
1
=57 f D T [(p — 9(2) T2 ) dz (I11.4.4)
27l
R2 neN
so with Young’s inequality
SC 1
JQO (,0% — p%) S5 Tr []90 o(2)| Hn,Z] + €, Tr [Hn va] dz
4l n
R2 R2 neN
1
_Z QJTngo o(2)* I, . dz—i—Z—Tr [TL.7;]
47T€nlb
R2 neN
1
<> el fTr [lo = 0(2)] M| dz + > me e [Myy]  (II1A.5)
neN R2 neN
—z
and with the change of variable x =
v s V21,
T [lo — p(z) P TL..] = j o(a) ~ () Iy, 2}
% R L
212 d
P
=— f ‘gp z+ \/5[@) — gp(z)‘ |z[*" el dy
mn!
R2
1
<— 22 V|2 f 22D P dn — 2(n + )2 ||V, (II14.6)
mn!

R2
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We can also write
Tr [l — (2)* Ma, ] < 4]0l 70 Tr [ 2] = 4 lloo |30 (I11.4.7)
Since
1L, .(z,z) =11, . (2, 2)

with (II1.4.6) and (II1.4.7), by seeing that the integrand is symmetric in z and z we get

| e llo - e @ L] - | 0(2) = PP T, a)dodz
R? (supp () xR?) U (R? xsupp(p))
<2 f lp(z) — @(2)]* O, . (z, ¥)dzdz
R2 xsupp(y)
2 [ Bfo- el
supp ()
<C |supp()] |31, min ((n+1)i7,1) (II1.4.8)
Next we identify the £"? moment of the kinetic energy in the sum:
k

2 (n + 1)FTr [1,11,,] = Z ntl Tr [l 4] < Z Tt [1I1.-% ] = Tt [1-4]

neN neN \ 2hb <n e %) neN
(ITL.4.9)
Inserting (I11.4.8) in (IIL.4.5), taking €, == +/|supp(¢)| |¢|lyy1.» €(n + 1)* and using (II1.4.9)

we get

fso (P, — 155)

R2

1 . 1
<C (!Sllpp(so)! el X — min (n +1, 5_2) +1; ) eTr [Hn%]>
neN " b neN
1 : 1
<C+/|supp(p)| ||l Z ————min <n +1, —2) + el Tt [1-4]
—e(n+1) i
1 1 1
<Cv/lsupp(@)] el | D> ————+=5 Y, — +liTr [n.L]
e(n +1) el (n+1)
(n+1)I2<1 (n+1)12>1
(111.4.10)
Introducing the notation
p)\(ilf> = l’i)\l)\<0 + 111(.1')1)\:0 + 1)\>0 (111411)
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we have the asymptotics

= o L ! (1)

2(k—1
Z (n + 1)k - Z nk o L\ A =0 <lb ) (111.4.12)
(n+1)12>1 n>% (E)

1 1 O ) itk <2
> CEY=t —=<0W@?) k=2 =0(@m-2(>)

(n+1)12<1 1<n<% O (1) ifk>2
(IIL4.13)
We notice that
BYD <o (15 (I11.4.14)
Inserting (I11.4.12), (I11.4.13), (II1.4.14) in (II1.4.10) and taking
L pe—2 ()
€= AT a2k
b\ Tr [3-27]
we obtain
pems (%) 4 2 k
| (0w = 5)] <OV Iuwpl@ el | 222 + 3 4 T [ 54]
R2
ez () 5 k
<Cy/lup(@) el | 2L o+ 2T [, ]
=/ e /T [16-Z5 o iz (152)
Note that this choice of € is possible because
Di(n+ DFTr [My] = ) Tr[ay] = Trw] = 1 (I11.4.15)

3 neN neN

The second term in (II1.4.10) requires k > 1 for the convergence of the series. If we only
assume that the kinetic energy is bounded (k = 1), in order to deal with the divergent series in
(I11.4.10) we need to consider the truncated semi-classical density (II1.4.3) instead of (I11.4.2).
This is the goal of the next section.

II1.4.2 Truncated semi-classical density
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— Proposition I11.4.3: Convergence of the truncated semi-classical density
Let v, € £ (L? (R?)) and assume
Tr[v,] = 1,0 < 7, < 277
then Vo € C* (R?),

Jw(m%—pﬁgﬂ <HﬂhwﬁﬁgvﬁYhﬂhwiﬁ]
R2

N5, ifk<2

+ C/upp (@) el A/ Tr [-2] - § VBVl it ke = 2
ly

it k> 2
(I11.4.16)
CH
This time, the right-hand side term is small for £ = 1 if we choose N such that VNI, « 1.
This constraint has a physical meaning. Indeed from the expression of the coherent state
(II1.2.10) we can infer that the characteristic length for particles in nLL is y/nly. Hence p3&<¥
taken with v/N1, « 1 is the semi-classical density of well localised particles, and good localisation
of the coherent states is key in semi-classical approximations. The first term in the right-hand
side of 111.4.16 corresponds to high Landau levels. The estimates will use the information about
the moments of the kinetic energy to control the number of particles inside high Landau levels.

— Proof of Proposition II1.4.3:

Similarly as in the proof of Proposition 111.4.2, instead of (I11.4.4) we have
1 X
f ol —rs) =L Y f T (¢ — () o] dz + ) Te[pll)  (14.17)
b n=0
R2

R2 n>N

Using

> (n+ DFTr [3I0,] < Y (n + DFTr [11,]

n<N neN

we obtain instead of (II1.4.10):

1 N
2rl2 Z J ‘Tr [(90 - 90(2)) Hn,z'}/b“ dz
b nzOR2

N
1
<Cv/Isupp ()] |l e (Z = el Tr [%%f])

n=0
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Recalling the notation in (II1.4.11),

N O (N?7F) ifk <2
— (n 4 1)k-1 =4 O (In(N)) %f k=2 =0 (pe—2(N))
=0 O@1) ifk>2
With € = l Pr—2() we have

lb Tr [’}/bc%k]

= l2 Z flTr ¢ — ¢(2)) I, .| dz < Co/Isupp(@)] |0/l 4/ Tr [1-LF ] lor/Pr—a (V)

bn()

(I11.4.18)

Moreover

S T [l | = [Tt [T ws]] < A/ Tr [ o] T [ L] < 1l e /T T3]

n>N

and

nk
Tr [wllsy] = Z Tr [,11,] < Z G, 8 (Y11, ] Nk Z Tr fybH Z ]

k
n>N n>N N n>N
1
:mTr [l N2 ]

SO

ST [Tl < llll o N84/ T [T n 4] (IIL.4.19)

n>N

. We conclude by assembling (I111.4.17), (II1.4.18) and (II1.4.17).
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I11.5 Gyrokinetic dynamics for semi-classical
densities

The goal of this section if to prove that the semi-classical densities almost satisfies (II1.1.5).

I11.5.1 Dynamics of the semi-classical density

— Proposition II1.5.1: Gyrokinetic equation for the semi-classical density

Let t e Ry, k> 3,w(t) e L' (L*(R?)), W € W3*(R?) and assume
Tr [15(2)] = 1,0 < y(t) < 2712 (I11.5.1)
ult) = 55 [+ W0 (11L5.2)

then Vo € C* (R?),

| ) @t + T W) - Vot ) dz

R2
2T if k<4
/ 1 :
<C+/[supp(@)] [|llyrce W llwse A/ T [16(8)LE] - 4 lps [In (l—z) if k=4 (II1.5.3)
b
Uy ithk>4

®r

This estimate requires k > 7/2 for the right-hand side to be small. We will later in the text
improve this constraint, but we start by Proposition II1.5.1 in order to introduce our method of
proof. We begin the proof with a technical Lemma.

— Lemma II1.5.2
Let a € R, then

1
n!

I(a) = f 2" ey ~ 3
n—00
R2

and 3C' > 0 such that

vl

VneN, I,(a) <C(n+1)
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— Proof:

With polar coordinates and the change of variable z = 22

1 o

- J || el dy = 2 f e dr = Jame_“du =T (% 4 1)

™

R2 Ry Ry
where I' is the Euler Gamma function,
['(z) = Jtz%tdt
Ry

We have the following equivalent for the Euler Gamma function (as a direct consequence of
the Stirling formula)

~ n® (I11.5.4)

SO

and by (I11.5.4),

jF‘ n—ao0 n—00

— Proof of Proposition III.5.1:

Step 1: a direct computation

We start from (II1.4.2) and (II1.5.2):

e 1 1
05, (2) ZF@TT [0l ] = 22'—7rl§Tr [Z + W, %] IL] = 2@'7rl§Tr [ (1L, £ + W]
1
=——T I1,, I11.5.5
Simld [ [1L, W1]] ( )

On the other hand, by (II1.2.13) and (II1.4.2),

1 1
VAW (2) - Vpii(2) :ﬁVlW(z) T [ V.IL] = —=— VW (2) - Tr [,V IL ]
i} 27l
1
__ : IT1.5.

Putting together (II1.5.5) and (IIL.5.6),

owpS, (2) + VW (2) - Vpi(z) = Tr [ [T, W — X - VIV (2)]] (IT1.5.7)

1
22'7Tl,‘)L
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Step 2: Taylor expansion of the potential
We expand W to the second order. Define

V. (x) =W(x) —dW(z)(x — z) — %d2W(2)(:c —z,x — 2) (I1.5.8)

so that
Wy) —=W(z) = (y —x) - VW(z) =Va(y) — Va()
~I—%d2W(z)(y —2,y—2z) — %d2W(z)(x — 2, —2)

Where the notation d"W stand for the n'" differential of W, meaning that d"W(z) is a
n-linear form. Notice that

&PW(2)(y — 2,y — 2) =W (2)(y — 2,y — 2) + W (2)(z — 2,y — 2)
=d*W (2)(y — z,y — 2) + W (2)(z — 2,y — x)
+ W () (z — 2,7 — 2)

[IL, W — X - VW (2)] (z,y) = IL.(z,y) (W(y) = W(z) = (y —2) - VIV(2))

=I1L,(x,y) (Vz(y) —V.(x) + %dQW(z)(y —zT,y—2) + %d2W(Z)<£L‘ — 2,y — x))

= [IL., V2] (2,9) + W () ([e(, )y — ),y = 2) + 30W (2)(@ = 2 (2, )(y — )
(IIL5.9)

Thus with (I11.2.13), we have the operator identity

(ML, W — X - VIV ()] = [IL., V.] + %d2W(z)([Hz,X] X—2) 4 %dQW(z)(X _ 2 [IL, X))

‘l2 12
=[I,,V.] + %’d2W(z)(Vsz, X—2)+ %dQW(z)(X — 2, ViIL,)
(I11.5.10)
Defining the error terms
1
— T 1L, V, I11.5.11
£14(2) = g T [ (1.1 (11L5.11)
1 2 1
Eap(z) = 4—Z2Tr [Wd®W (2)(V;IL, X — 2)] (I11.5.12)
an
o 1 2 1
Eap(z) = WTr [Wd®W (2)(X — 2, V;IL,)] (I11.5.13)
b
and inserting (I11.5.10) (IT1.5.11) (II1.5.12) (II1.5.13) in (IIL.5.7) we obtain
OrpZ, (2) + VAW (2) - Vpii(z) = E1p(2) + Eap(2) + Ex5(2) (IT1.5.14)
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Step 3: Estimate of & (2)
From (II1.5.11),

1
— I, ., V. I11.5.15
£1002) = g 2, T Lo Ml V.1 (ESE)
We introduce another projector:

Tr [717 [Hn,za Vz]] =Tr [foHn,z [Hn,za Vz]] + Tr [Hn,zﬁ)/b [Hn,za Vz]]

Since 1I,, ., V., 7, are self-adjoint, with Young’s inequality

|T1" ['Yb [Hn,27 Vz]“ <2\/TI‘ [[Hn,Zu Vz] [Hn,za Vz]*] Tr [’Yan,z (’7an,2>*]
1
=2 H[Hn =V ]“52 [’7an Z] €n ”[Hn,m VZ]H; + E—Tr ['Vgnnz]

27rl§

<n [Tz, Valll 2 + —2Tr [11,,,.] (IIL5.16)
We estimate the first t ith the ch f variabl S y—_=
€ estlimate e I1rs erm wi € changes oI variables r = — =
° V21, Y V21,
s Va2 = ([ (e Vi) @) Pody = ([ 02(0) = V2(0))? sl ) dady
R2 xR? R2 xR2
1 |@=2) (g = o) =gt
= .(z) =V, % ded
(2mnli2)? f Vele) =V2)) 212 © T W
R2 xR2
1 2 2
= (7nl)2 J (VZ(Z + \/ilbx) V. (z+ \/glby)) |J,’y|2 e ] ‘y|2d:1€dy
R2 xR2

(I11.5.17)

Let 2 < o < 3, using the expansion (I11.5.8),
V(2 + ﬁsz)\ = ‘W(z + V2Ux) — V2, dW, () — Rd*W,(a, x)‘ < W |yyase 2]
and similarly with y instead of x. With Lemma II1.5.2,

IIWIIWaoo

||[an,v ]||L2 <C f lga (|{L‘|20‘ n |y|2a) |$y|2n €_|$|2_‘y|2dxdy

R2 xR2

<C W ls (0 +1)5)"

Inserting this along with (II1.5.16) in (II1.5.15) we get

neN neN ™

1E15(2)| < f (HWHWM Dlen nin, ((n+ D)) + )] by [%Hn,z]> (I11.5.18)
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Integrating against ¢ € C* (R?), choosing

€
€n =
VIsupp (@)} [|W |y (7 + 1)

and using (I11.4.9) (II1.2.8) (II1.5.1), we obtain

Jgo(z)é’l,b(z)dz
R2
C ) o omld
< (HWH%W ol 3 en mmin (((n+ D)) + gl Y 2emy mnn]>
b neN D neN ®

2<a<3
neN neN €n

<C || g0 (\supp(@)\ W s ), ;—g min (((0+1)E)) + Y L1r [%Hn]>

<C ﬁsupp(gp)’ HQQHLOO ”W”W&w (e Z ming<a<3 (((n + 1)lb) ) + % Z(n + 1)I<:Tr [’Yan]>

neN lé(n + 1)k neN

ming<acs (((n + 1)I3)%) 1
<O/ 9l Wl (eZ s (B LLRT) Ly [M’“])

o I(n+ 1)

We split the sum in two part depending on weather (n + 1)iZ < 1 or not, for the first part
take a = 3, and for the second part o = 2:

1
j (2)Erp(2)dz| <O 9]0 W lhyioee | 2 3

k—3
R2 (n+1)I2<1 (n u 1)

1 1
. ———— N PR I11.5.19
+6( +lz)l:2>1 (n + 1>k_2 - € ' [% b] ( )
s b

With the asymptotics (I11.4.12) and (I11.4.13),

_ _ 1
f P(2)E15(2)dz| < C/5upp(P)] 1]l o IW e <ezzpk_4 (1) + ey + - [w%’“])

R2
Similarly as in (II1.4.14),

li(k%) < Pk-4

SO

li(k%&) < lgpk,4
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T L
ll t [% b ] we conclude that

Hence choosing € := —_—
pe-a ()

_ 1
[ eterg110z] <o BB el W s (e () + T[] )

R2

~CVupp @) e [Wlhwsoe A/ T [16:2 i s (152)  (11L5.20)

Step 4: Estimate of & ;(2)
We start from (I11.5.12):

1
&ad) =gz || WEn)VHLE,2) - EW () - 2)dudy
b R2 xR2
Let ® denote the tensor contraction defined for n,m > k by
U1®- : ®un®k (%1 X - '®Um = <Un|’01> s <un—k+1|vk>u1®' : '®un—k®vk+1 X - '®Um

Identifying d"W (z) with the associated rank n tensor, we notice that
Vi -d@W ) (z—2)=(VOVRVIW(2)) (z —2) + VRV (2) O VI ® (z — 2)

=d*W (2) &* (_01 é) =0

because d*W (z) is symmetric and (_01 O> anti-symmetric. An integration by parts yields

J o(2)Exple)dz = z12 Vio(z) - W (2 H (@ )T (y, ) (@ — 2)dady | dz

R2 Y

—1
~ Vie(2) - W (2)Tr [BIL(X — 2)]dz (I11.5.21)
m J
With Young’s inequality and an estimate similar to (I11.4.6),
ITr [WIL(X — 2)]] < ) 1T [3lLa o (X — 2)]|

neN

< 2 GHTI" [Hn,z ‘X — 2‘2] + Z ;TI' [’Yan z]

neN neN ™
1
<2 ) en(n+ 1)+ 20l > —Tr [ 1L, -] (I11.5.22)
neN neN €n
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Inserting this in (I11.5.21), taking €, == ‘ - and using (II1.4.9) we obtain

supp()|(n + 1)

f ©(2)Ep(2)dz
R2
l2
<C | |@@WVio| ., Y en(n+1)+ [|@PWVEell Y 2Tr [y,
(1wt el, St 0+ sl 3 v,
1 [
<Cv/Isupp(p)| ||@2W V| 1.0 (6% )T f%(n +1)"Tx [%Hn]>
12
<CVBp IVl ] (e + 21 (] (I11.5.23)
Choosing € = b we conclude that
Tr [-27]

fs@(Z)Ea,b(Z)dZ < C/|supp (D) IVl 1o || W || 1o A/ T [16-25 ] (I11.5.24)

R2

Step 5: Conclusion

We can control (II1.5.13) with an estimate similar to (II1.5.12) by exchanging = and y,
obtaining

Jgo(z)ggyb(z)dz < C/Isupp(D)| IVl oo | W || 1.0 A/ T [16-LE ] s (I11.5.25)

R2
Finally, using the notation (I11.4.11),
P k<4

1<pra (%) =<In(;?) ifk=4
1 itk >4

& so with (IT1.5.20) (I11.5.24) (I11.5.25) and (II1.5.14) we obtain (II1.5.3).

This proof can be adapted for the estimate to work with k£ > 2 if we expand W to the
second order in (II1.5.8) for low Landau levels only, precisely when (n + 1){Z < 1. But this idea
works with £ = 1 when we consider the dynamics of the truncated semi-classical density (I11.4.3)
instead of (II1.4.2). This is the goal of Proposition II1.4.2 and Proposition I11.4.3.

I11.5.2 Dynamics of the truncated semi-classical density
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— Proposition I11.5.3: Gyrokinetic equation for the truncated semi-classical density
Let t e Ry, k= 0,w(t) e L' (L*(R?)), W € W3*(R?) and assume
Tr [(t)] = 1,0 < (t) < 2nl;
ult) = 55 [+ W)

then Vo € C* (R?),

fso(z) (0PN (t, 2) + VW (2) - VpSN(t, 2)) dz

1
<C el VWl ger -~ T (%2 (M + Mys1)] + O/ [supp(@)] l@llyaco [ llypace (
b 2

LN*™5  ifk <4
N5 T [ (T + T )] + 4/ Tr ()24 lo/I() k=4 | (1115.26)

I if k>4
— Proof:
Step 1: a direct computation
Using (I11.2.14) in (I11.5.6),
-1

—1
VW (2) - V.p5(2) = WVW(Z) T [V Ten,:] =
b

VN +1 (11 (e[ [one) (Wnenel]
’ 2\/571-[1? VW<Z> <_Z Z> <T1" [717 |¢N+1,z> <wN,z|])

22.—7lelTr [V [H<N,z7 X - VW(2)]]

so with the same computation as for (II11.5.7),

< < ]‘
&tp;bN(z) + ViW(z) - Vzp;bN(z) = ——Tr [y [y, W — X - VIV(2)]]

2i7rl§
VIV +1 (11 (Tl lene) <wNH,Zu)
"oV Ve (—i 2) (Tr[%wzvﬂ,,z) (¥n:|] (I1.5.27)

Using (I11.5.10) for II<y . instead of II, and then inserting (I111.2.14),
M., W — X - VIV (2)]
1 1
= [Maw s, Vel + W (=) ([Mawe, X], X = 2) + Sd* W (2)(X = 2, [z, X])

— [T, V] + LW (2)(ViTlaw,, X — 2) + LW ()X — 2, ViTlen,s)
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\/Wlb PW(2) (( 1 1) (WN,Z) <¢N+1,z|) X - z)

N —1 [N +1,2) (Un,z]
o areleal IERSE)

Defining the error terms

Eonl2) = YN Lo, (1 1) (Trhbw]v,z><wmz|]>

24/2ml3 —i i) \Tr [ [¥ne1z) (Yn,e]
£10(2) = g T [ [ V2]
Eap(2) = 4—1l2Tr [Wd®W (z) (Vien,s, X — 2)]
Exp(z) = 41 lzTr[ WwdW (2) (X — 2, Viey,)]
e = G e (53 (W5%0) <)
fu) = g™ e (x5 (1 1) (i S|

and inserting (I11.5.28) in (II1.5.27) we have

6t,0<N = VLW > Vp,iN = 5071, = 5171, = 5271, = 52717 = 5371; = 5371)

Step 2: Estimate of &,

As operators, with Young’s inequality

2||Yns1,2) (Unel| < Tz + Oyyas
2||Yn,z) (U]l <TT

N,z + HNJrl,z

SO
VN
[€os(2)] < CIVWI| o == (Tr [9llnaz] + Tr [llw:])
b
and
VN

| e@)0a(a)dz] < C el ITW o 27 (T3 Plla] + T Fllov)

R2
Note that

IV F
Tr [%-% 1] = <2hb (N + 5)) Tr[wlin] ~ 28 N*Tr [I1y]
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(I11.5.32)
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(I11.5.34)

(I11.5.35)

(111.5.36)



Tr [1-Z2 N1 | s 2" N*Tr [, 1Ty 1]

Inserting this in (I11.5.36) we have

1

R2 b

Step 3: Estimate of &,
Following the same proof as for (II1.5.11) we obtain instead of (II1.5.19):

N
1 1
| @181u(2dz] <O Tsuwpl@ Il W s (ez,%Z e =Rl bc%])
n=0

R2

1 [Tr[w
With the asymptotic (I11.4.13), taking € == — M

we have
I\ pr-a(N)

1
[ eter8100ts| <OV/BmRTN ol IW e (limica() + 270 (2]
R2
=C/|supp ()] 1ol oo W llyys.co A/ Tt [16-LF ]I/ r-a(N)  (I11.5.38)

Step 4: Estimate of &
Following the same proof as for (III.5.12) we obtain instead of (II1.5.23)

Jw(?«*)é’zb(Z)dz <C+/|supp()| IVll 120 HdQWHLoo( Z n+1 - + le Tr [+ bi”b]>

Tr [w-2F]

we have
pk,g(N)

With the asymptotic (I11.4.13), taking € = [,

[ ergaerts] <o Bamt Vel W, (emn-at) + 21 ]

R2
= /@) 1Vl o |2 ]| o 4/ T [16-2 )04/ 2(N)  (ITL5.39)

Step 5: Estimate of &

We only need to estimate terms of the form

¢z—3NTr [ [z} (el (X = 2]
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or

\é_?Tr [ |onva,z) (| (X — 24)]

with ¢ € {1,2}. With Young’s inequality and the same inequality as in (II1.4.6),
2 1 2
ITr [ [n41,) (¥l (Xi = 2)]] <eTr [(X; — 2)TIw ] + —d [ IN1,:]
o 272
<2¢(N + 1)l + —Tr [N 41,4 (II1.5.40)
€

and similarly

2mrl2
Tr [y [¥n,2) (Wn+1,2] (X — )] < 26(N + 2)IF + ?bTr (V1IN ]

Since N +1~ N + 2~ N, integrating against ¢ € C* (R?), we obtain

. VN ; Iy
0E34(2)dz| <C ||dPW|| .o =5 | l0llp2 €N G + ]l - (Tr [yl 1] + Tr [91LN])

ly
R2
Nz LwW/N
<C el e || W] -0 <|SUPP(<P)|€ A + I;Nk N*Tr [y, (TLy +HN+1)]>
<C ||90||Loo Hd W”Loo lsupp ()| GT + k-3 Tr [’71)% (Iy + HN+1)]
l
Taking € := b — \/Tr [fyb.i”b’f (Iy + HN+1)], we conclude that
|supp ()| V"=

J@gib(z)dz <Cv/|supp(o)] loll oo || *W]) .0 Nl‘g\/Tr [v-ZF My + My)] (H15.41)

R2

Step 6: Conclusion

Exchanging = and y in (II1.5.32) and (II1.5.34) we obtain with the same arguments as for
(I11.5.39) and (IIL5.41):

| Bterdz| < OV supplO 196 o |EW o T [Tl meaN) (11L5.02)

R2

fgog’g,b(z)dz < C/[supp(9)] 1l oo ||8*W || -0 Nl_g\/Tr [ZF (M + Myyq)] (1IL.5.43)

R2
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Putting together (I11.5.37) (II1.5.38) (I11.5.39) (I11.5.41) (II1.5.42) (I11.5.43) with (I11.5.35)
we get

| @) @)+ VW) - Vs () d

R2

1
<Clell e VW] oo = ———Tr [ (M + Mys1)] + O/ Isupp(@)] [@llyaco [ lyyace (

Q/ ’}/b.,% \/pk 4 +\/W b\ Pk— 2 +N1 \/TI‘ ”)/bg HN+HN+1)])

Notice from (I11.4.11) that if z > e

a< B = po(z) = ps(a) (IT1.5.44)
S0
Pre—2(N) < pr-a(N)

and we conclude that

| ) @) + 94w ) - Do)

R2

1
<C el VWl o -7 T (%2 My + M) | + CV/[supp(@)] l@llpaco [V e (
b

AT [ | I/ Pe—a(N) + Nl_g\/Tr [ (T + HN+1)]>

If we assume

Tr [”yb.,%k] = Z Tr ['yb.,%kﬂn] <

neN

then up to a subsequence, whose choice will be the object to Lemma II1.6.1, we can assume

1
Tr [1-ZTn] = O (N)
This time we have a small error in (I11.5.26) if
LN 2 » 1, N7 «1, N> %«l

When 1 < k < 4, this is equivalent to

<« N «
2k+1 4—k
[ L,

which is a possible choice of N. Hence we will be able to control the dynamics of the truncated
semi-classical density for £ > 1. One could conclude the proof of the main results with the
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conservation of the second moment of the kinetic energy. As we only obtained Proposition
I11.3.4, for the proof to really work with the kinetic energy we further expand W.

— Proposition I11.5.4: Gyrokinetic equation for the truncated semi-classical density
Let t e Ry, k= 0,w(t) e £ (L*(R?)), W € W4*(R?) and assume
Tr [(t)] = 1,0 < w(t) < 2713

1
Oryp(t) = 2 [-Z + W, w(t)]
b

then Vo € C* (R?),

J ( )(apsc<N(t Z)—FVLW( ) VpSC<N(t z)) dz

R2

<c(p, W) (

T N’F%Tr [ ()L M _1vi1] + (N1—§ + sz¥) \/Tr [ (£)LF N _1.341]
b

(LN + 2N2°  ifk<?2
lw/In(N) + 2Nz if k=2
+ BN + /T [w®)ZLF] -  L+BNZ  if2<k<5

lb—i—lf In(N) iftk=5
\ Iy )
where
(o, W) = (1 + [supp()]) l¢llyre Wl yaem
©»
— Proof:

Step 1: a direct computation
Redefine
1 1
V.(z) = W(z) —dW(2)(z — 2) — =d*W (2)(z — 2,z — 2) — =d*W(2)(z — 2, — 2,7 — 2)

2 6
Notice that

W)y — 2y — 2y — %)
—d3 W)y — 2,y — 2,y —2) + EW () (& — 2,y — 2,y — 2)
=W )y — 2,y — 2,y — 2) + PW(R)(z — 2,y — 2,y — 2) + EW(2)(x — 2,2 — 2,y — 2)
=W )y —z,y — 2,9y — 2) + W)z — 2,y —z,y — 2) + W (2)(x — 2,2 — 2,y — x)
+ dEW(2)(x — 2,2 — 2,2 — 2)

o (II1.5.9) becomes

Mases W = X - V() 000) = Manairn) (Vo 0) = Vata) + 23y = = 2)
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AW d*W 3w

+ 2(2)(1’—Z,y—$)+ (Z)<y_x7y_27y_z)+ 6(2)(37_2731—1371!_2)
d3

+ Mg(z)(x—z,x—z,y—x)>

Then inserting (I11.2.14),

= [HgN,m Vz] +

My, W —X - VIW(z)]
d>W(z)
%

([HSN,mX] 7X - ZaX N Z) +

d*W (z) (X — 2, <Nz, X])

([H<N,Z’X] 7X - Z) +

d*W (2)
6

d*W (z)
i 6

d*W (2)
* 6

(X — 2, [Mgnz, X], X — 2)

(X - ZaX -z, [HéN,ZvX])
l2

.l2
= M, Vil + W (Vi Tlens, X = 2) + 2EW()(X = 2, ViTens)

12 12
Zﬁb BW(2)(VEideys, X — 2, X — 2) + Z6b BW(2)(X — 2, Vi, X — 2)

zl2

6*’ dEW () (X — 2,X — 2, ViTlen,)

e (4 ) (e Sinah) x—2)

saman (s (1 ) (52255

v

Zmzb ((1 1 (WNZ <wN+1,z!> X X_Z>
vl
vl

Z) [YN+1,2) (U]
x5 (2 1) ([ Benel) x-2)

1 [N, (YNr1zl
x-ax-x(2 ) (2 W)} ausas)

Z\/ﬁlb
Z\/Wlb

Defining the errors terms

Eop(2) =
E1p(2) =
Eaplz) =
Exp(2) =

537{,(2’) =

VN +1 (11 Tl"[’YbWN,JWNH,J])
v V@) <—z' ) (Tr i lwen s} (]
22.—%[21% [ [H<n,z, V:]

1

4_Z2Tr [ d®W (2) (V§H<N72’ X —z)]

41l2Tr [Wd®W (z) (X — 2, Vi 1en,)]

™ eve (3 () -]
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Eiplz) = VN + Ly, [%de(z) (X —% <—1@ 1) (Iiﬁﬁ%ﬁl))]

4\/57?[2
1
Eap(2) = o Tr [wd®W (2) (Viden,:, X — 2, X — 2)]
b
~ 1
Eap(z) = Torp X [wd®W (2) (X — 2,V Tlcn., X — 2) ]
b
X 1
Eap(z) = TR Tr [%d?’W(z) (X -z, X — Z,vzlﬂgN,Z)]
b
oo () (05 20
2 =~ Tr |y d®W . ” el X — 2, X — I11.5.46
50l2) 124213 ' _% (=) —i 1) \|[¥n11,2) (YN - - ( )

~ VN+1_ T
Gte) = S W (== (2 ) (i Sma) =)

2 N+1_ [
B = v [wew s (x=x == (2 1) ()

and inserting (II1.5.45) in (II1.5.27) we have

oo + VW - VpsN

:50’17 = gl,b = 5271, I ggb I+ 5371, = g37b = 5471, =+ 5471, I 5471, T 557(, - g57b T g57b (IH.5.47)

Step 2: Estimate of &,
Using that the fourth derivative of W is bounded, we get

V(@ + V2)| < C Wy bl
so following the same proof as for (III.5.11) we obtain instead of (II1.5.19)
o 1 1
f@(z)gl,b(z)dz <C+/|supp(@)| el oo W 33700 (dg > 1) + =T [%Zﬁ])
R2 n=0

. ) . 1 ([T %]
With the asymptotic (IIL.4.13), taking € == 54 | ———-= we have
i\ pe—s(IN)

1
J@(Z)&,b(Z)dz <C+/Isupp ()] 1]l oo W [l praseo (el?pk—s)(N) +-Tr [%«%’“])

R2

—C/Fupp @) 1l o 17 e o/ T [10-ZE ] i) (IIL5.48)

Step 3: Estimate of &,
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By symmetry of the derivatives of W,

5471)(2) = Tr [’bei_HsN,z @ V®3W(Z) @2 (X — Z)®2]

127Tl§
Next we notice that

Vo VEW(2) @? (X — 2)®?
= (V; OVEW(2)) ©® (X — 2)® + VW (2) @® V; ® (X — 2)®°
0

v e () 3)®< ~9+ VW & (X -2e () o)

<V®3W < ) + (VW ()0 (X -2)0 (_01 (1)) =

since V®W (z), VW (2) ® (X — 2) are symmetric and (Bl [1)) anti-symmetric. Hence

with an integration by parts,

f(p(z)&,b(z)dz = 12_1[2 JVL@(Z) QO d*W (2) & Tr [1ellen,.(X — 2)%°] (II1.5.49)
Tty

R2 R2

From this point on, we follow the same proof as for (II11.5.12) with one difference in (II1.5.22)
where we use

Tr [, |X — 2] < C(n + 1)%;

and obtain instead of (II1.5.23),

N lg
fs@(z)gz,b(Z)dz <C+/|supp(9)] IVl oo IId?’WHLm< Z 5+ 2T [y ])
R2 Za

1
<C/|supp()| IVl oo | W | 0 13 <epk 3(N) + —Tr [%«:%ﬂ)
k
and with € = M we conclude that
pk—s(N)

f (2)E2(2)dz| < CA/|supp(@)| IVl 1o Hd?)WHLoM/ [-ZF |/ pr—s(N)l;  (I11.5.50)

R2

Step 4: Estimate of 54_,,

Similarly as for £, ;, we proceed to an integration by parts and instead of (II11.5.49) we have

| ez = g [ T @ W () O Te (X - 2) @ Taw (X — 2]

R2
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But
ITr [(X — 2) @ ey (X — 2)]| < CETr [I,, 2| X — 2] < CNi}

and

| @10tz < supp(e) 19l W) BN (111.5.51)
R2
Step 5: Estimate of &,

We follow the same proof as for (II11.5.33), the only difference being in (II1.5.40) that we
replace with

1
’Tr [’Yb |¢N+1,z> <¢N,z’ (Xi - Zz’)z]‘ <elr [(Xz - Zi)4HN,z] + ETI" [’Yz?HNH,z]

o2
<26(N + 120 + 2Ty [y, Iy (I1L.5.52)
€

So we gain a factor v/N1, and instead of (I11.5.41) we obtain

Jgp&hb(z)dz <C+/|supp(e)] |||l 1o HdBWHLw LNZ \/Tr [w-ZF (y + y4q)] (I115.53)

R2

Step 6: Estimate of gg,b

Vol N 1,2
i s e (. ) (5 *-)

We only need to estimate terms of the form

Tr [v( X — 2) [Un+1,2) (On,o| (X5 — 25)]

with 4, j € {1,2}. But with Young’s inequality,

2|Tr [v(Xs — 2) [Yv+1,2) (Nl (X — 2)]] T [96(Xs — 20) vy, (X — 23)]
+ Tr [76(X; — 2)In (X — 25)]

We are going to control the second term with 57 = 1, all the others terms being estimated the
same way. With (I11.2.15),

Tr [ (X1 — 20)1n . (X1 — 21)]
<Tr [’YbHN,z(Xl — 21)2] + Tr [y [ X1, N ] (X7 — 21)]
< Tr [f)/bHN,z<X1 — 21)2] = ’ngTI' [’)/baZQHNJ(Xl — Zl)]
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YN+
V2

. i@m s () Womal + [8h30s) Wrv—r.al) (Xn = 22)]

The first term is of the same form as (II1.5.46), for the second we proceed to an integration
by parts and obtain two terms of the form (II1.5.33). The last two terms are also of the form
(I11.5.33). So using (I11.5.53) and (II1.5.41) we obtain

Tr [y (|¥n,2) (Wnt1,z] + |[UNs1,2) Onz]) (X1 — 21)]

| e@ateiz

5
<C/[supp ()] 191l o [|d°W || oo N7/ T [T ]

+C/[5upp ()] 1 llyne (W llyae EN' =54/ Tr [0 LTI ]

+C/ DB Il W | o 6N 54 Tr 3025 (M- + Ty + Tv1)]
<C\/5upp(@)] el W llpace N 4 Tr [ 58 (Ty—y + Ty + Mypn)]  (IIL5.54)

Step 7: Conclusion

go’b,gzb,gg’b,gg,b,gg,’b are the same than in Proposition I11.5.3. We control §4,b,§57b with

respectively the same arguments as for €45, & by exchanging  and y. Therefore, putting
together (I11.5.37), (I11.5.39), (II1.5.41), (II1.5.48), (I11.5.50), (I11.5.51), (111.5.53), (I11.5.54)
with (II1.5.47) we obtain

| #e) @) + T4 W) - Vo)
R2

1
<C el e VW] oo ZNT%TT [1-2° (T + Ty 11)] + C/[supp(@)] /.o W [ljyraco (
b

A/ T [16-ZF ]l Pr—a(N) + Nl*g\/Tr [ (My + Myv)| + 4/ T [ G/ Prs(N)
+ 4/ Tr [1-ZF]leA/ Pe—3(N) + le¥\/Tr [ZF (M + My41)]

+le%\/TY [7-Zf (My_1 + Ty + HN+1)]) + C [supp(0)| IVl o ||°W | oo 5N

With (II1.5.44), we get

TN Tr [1-ZF N 1.8 41]

Jgp(z) (0upZe=N(2) + VW (2) - Vpio=N(2)) dz| < (o, W) <

R2

+ 4/ Tr [ 2 | (lb\/ Pre—a(N) + 1} pk—5(N)>
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n (leg + le¥> \/Tr [”ybiﬂkaNq:NH] + lgN)

We conclude with

o/ Pr—2(N) + I3/ Pe—s(N)
=lb <N1_§1k<2 + A/ 1I1(N>1k:2 aF 1k>2> aF lg (N% 1k<5 + 4/ ln(N)1k=5 =F 1k>5>
< (WN'F + BN") s + (/In(V) + BNE) Ly + (1 + BN'F) Locess

+ (zb 12 1n(N)) Loos + bles
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I11.6 Proofs of the main results

This last section contains the conclusion of the proofs of Theorem II1.1.3 and Theorem II1.1.4.

What is left to do is passing to the limit in the estimates of Section II1.4 and Section III.5.

— Lemma I11.6.1: Choice of a convenient N
Let N_ == (N_p)p=0, Ny = (N4 )p>0 = N* such that
1« N_« N,

Let k> 0,T > 0, € L* ([0, T], £' (L* (R?))) and assume

Vi e [O>T] v’yb(t) = O,TI“ ['yb(t)] =1

JTr [(t)-Z] dt < oo

0

then 3N € [N_, N.] such that

jTr [(t) L N —1n 1] dE < ﬁ JTTr [ (8)-2F] dt

— Proof:

Assume for contradiction that

T
VN € [[N_,N+]] ,fTI‘ [’}/b(t>°%kHN_1;N+1] dt > —N JTI' ’713 ,,%]
N1 < +>

N_
then

T ;N a

fTr [ (t)Z] dt ~3 2 JTr [ () A Ty 1na] dt

J N=N_3
T Ne o 5
JTr dt 2 Nb:ooQJTr [’yb(t).;%k] dt

ln — 10 N=N- v

# which yields the desired contradiction.

We may now conclude the proof of our main result.
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— Proof of Theorem II1.1.3:
With an integration by part,

| #0202~ [ poit,)GYRO, (o)t 2t

R2 R, xR2
- (@0, 0.0~ [ =6, 2)GYRO,,, (0)(t,2)dtd:
R2 R, xR2
+ f@(O, 2) (py, — p57=) (0, 2)dz — f (v = P5=") (£, 2)GYRO,,, (0)(t, 2)dtdz
R2 R, xR2
= f ©GYRO,, (p2o=N)dtdz
R, xR2
- fgp(o, 2) (py — P0=N) (0, 2)dz — J (py, — 20=Y) GYRO,, (@)dtdz  (IIL6.1)
R2 R, xR2

Let T > 0 be such that supp(¢) < [0,T] x R?. By Proposition I11.3.1,
Vte [0,T],Tr[v(t)] = 1 and 0 < v,(t) < 277

1
Let t € [0, T], then by Proposition 111.3.3 applied to W =V + SW* Pr(t) and Proposition
111.3.2,

1
T [u)4] < T BB + |V + Fu g

L©

1
~ I OO + [V + G0+

LOO
1
< |Tr [75(0) Hy (0)]] + |V || oo + 5 |w] e < C(V,w) (I11.6.2)
and
[V 4w py, (D)l yproos < NV [ipreois + lw]lyproo,a

so from Proposition II1.5.4 for k = 1, W =V + w % p,, (t) we get

- 1
f o(t, 2)GYRO,, (p=V) (8, 2)d= <C(90,V,w)( T ()BT 1]

IyW/ N
R2

+ (W + z,,N) VT [ LGN 1v 1] + BN + /Tr [ () %] (WN TN 2))

Integrating over time,

1
I,V N

f $GYRO, (p5<M)dtdz| < C(p, V,w)

R+ x R2

T
f Tr [3(6) By v sa] dt
0
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T
4 (\/N I le> J\/TI‘ [’Yb(t)%HN—I:N-i-l]dt = l2NT
0

VT [(0)%] (m + zgm) dt

< Clp, V,w) lb\ﬁ Tr [V (t) LI y_1.n11] dt
1

()L N_1.n41] dt

_l’_

e

Tr

O

4 <\/N+le) VT

+ T f Tr [1,(t).%] dt (WN +z§N2)

0

Choosing N as in Lemma I11.6.1 and using (I11.6.2), we have

f PGYRO,, (p2o<N)dtd>
R+><R2
1 1+ lv/N
< C(p, V. w) TV BN 4 VN + BN?
3 N, N,
le2 In (N—) In (N_>
1 1+ /N
< C(p, V,w) vV + /Ny + EN?
3 N, N
[N In (N—) In <_+>
- N_

We start by imposing the constrains

lej, lby/Ny < EN?2

so that
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and

1
¢GYRO, (pii’gN)dtdz < Clp, V,w)

1
J 2 Ny N
R, xR2 lef In (N—> In (Ni)

With Proposition I11.4.3 for £ = 1 and (I11.6.2),

(I11.6.3)

f@@@ﬁ@%—pigﬁmﬂmz<C@ﬂ(vaTﬂwmﬂhwﬁJ+VTH%®ﬁﬂh¢N>

R2

<Clp, V,w) (\/LN T Wﬁ>

1
<C(p,V,w) <\/T— + liNi) (111.6.4)
Finally, since GYRO,,, (¢) € C (R?) ,supp (GYROp%(go))  supp(yp), and Vt € [0,T],

||GYROp7b(<,0)(t, '>le,w = ‘8t<,0(t, o)+ VHV +w Pryu(t)) Vgo(t)HWLoo

<llellwroe (1+ |V +w * pyo)] 1)
< lellyico (1 + [V lyre + lwllypaco)

thus similarly to (II1.6.4) we obtain

SC, & 1
J (P — p20=N) GYRO,, (p)dtdz| <C(p, V,w) (W i ng_§> (I11.6.5)
Rt xR?

Inserting (I11.6.3), (I111.6.4), (II1.6.5) in (II1.6.1), and then taking
2
N_=1% N,=1" with <o a<f<l1 (I11.6.6)

we conclude that

J‘P(Oa Z),O% (O’ z)dz B J Py (t’ Z)GYROp'yb (QO) (tv Z)dtdz

R2 R4 xR2
1 1 1
< I2N? + ——
C(g&,v,w) ZN%I (N_,.) + N + 4 ++\/K
plV— 0| In (N—+)
(2ot 1
=C(p, V,w) b — + + lf(l_ﬁ) + 12 | < Clp, V,w)
(8 —a)ln(i;") \/(/B*a) In ;") In (;)



— Proof of Theorem I11.1.4:

Step 1: Weak limit
With Proposition II1.3.1,

WeRnL AN 20 [lop= )], -1,

Let T' > 0, then

sc, <N

Pry, =T

Ll

|

The truncated semi-classical densities are bounded in M ([0, T] x R?) so up to a subsequence
we have weak star convergence in the sense of measures:

|[0,7] ‘

pso<N bfoo pr € M ([0,T] x R?)
By uniqueness of the limit
12T = prypr) = P

hence we constructed a limit p € M ([0, T] x R?) such that Yy € C? (R, x R?),

J pr‘;’gNgobjoo f PP (I11.6.7)

R+ x R2 R+ x R2

Let (€,)nen be an increasing sequence of open bounded subsets of R% x R?, such that

@ =Ry xR?

neN

By [16, 1. theorem 6], the embedding M(,,) € W~11(Q,,) is compact. So after a diagonal
extraction we can have

VneN, piosN > Pn € wt(Q,)

but W (Q,,) < C°(Q,), so p, = pja,. Hence, Vn e N,

sc,<N
lo = 25~ w1100y =2, 0 (IT1.6.8)
(psosN (0))b> , 1 also bounded in M (R?), so after another extraction one has

P (0) = poe M (R?) (111.6.9)

in the sense of measures.

Step 2: Error decomposition
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Let ¢ € C (RXR?),

[oOp— [ #GYRO, ()
R2 R+‘>)<R2
~[e0m- | ppNavRO@)+ [ (o5 - ) GYROL()
R? R+‘>)<R2 R4 xR2
~[e@m— [ s<"ayRO,, (0)+ f #5<N (GYRO,, () — GYRO, ()
R2 R+j<R2 Ry xR2
| (= - p) GYROL()
R4+ xR2
- [ va¥RO,, (=) + [0 - O+ [ oV (=)« T
R xR2 R2 Rt xR2
+ f (p5=" — p) GYRO,()
Ry xR?
_ f $GYRO,, (p25<V) + f 2(0)(po — P25 (0))
R, xR2 R2
+ f (o3 — P) (Vo p50=N) + V6w + J (p5=N — p) GYRO, ()
Ry xR? Ry xR2?
_ f pGYRO,, (pio=N) + f ©(0)(po — p52="(0))
R, xR2 R2
+ f (P = PE0=N) (Voo - p55=N) « Vi + J (p2=N = p) (Vagp - po=N) « V4w
Ry xR? Ri xR2
+ f (p2o=N — p) GYRO, () (I11.6.10)
R4 xR2

Step 3: (V.¢- p2o<V) « Viw e WH* (Ry x R?)

:\y'b
The goal of this part is to prove that (V.¢ - p:><V) « V* is bounded in W (R x R?)
uniformly in ¢ and b. Let p € C (R"jr X RZ), then Vit e R, ,

[(Ve(t) - o= () * Viwl| e < [Ve® oz =N O] 11 lwllwro < @l 1ol
(I11.6.11)

and with d;p instead of ¢

|(Vae(t) - =¥ (1)) * V4wl o < IV @05 =N O] 0l < Npllgr el o
(111.6.12)
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Let x € R?, with an integration by parts,
Ve(t) - dpe =N (t)) x V3iw(z)
f@ pas N(t,2)V,0(t, 2) - Viw(z — 2)dz

- J‘VL (V Tw* p’n,(t)) (Z) ’ vzp%(t’ Z)vzgo(t: Z) : vlw(x - Z)dz

=+ fGrYROp7 (p2o=M)(t, 2)V.(t, 2) - Viw(z — 2)dz

R2
= Jp%(t, 2)VE(V+wspyp) (2) - V. (Vap(t, 2) - Viw(z — 2)) dz
R2
+ JGYROP7 (PN (t, 2) Ve, 2) - VViw(z — 2)dz
R2
Jp%(t 2)VE(V +w+py,p) (2) - VE0(t, 2)V5iw(z — 2)dz
R2
+ Jp% (t,2)VE(V +w = Pyt) (2) - V. ® Viw(z — 2)V.p(t, 2)dz
R2
+ JGYROM (PN (1, 2) Ve, 2) - VEiw(z — 2)dz (I11.6.13)

For the two first terms in (I11.6.13) we use Holder inequality, and for the last term Proposition
I11.5.4 with V_o(t) - Viw(z — e) as test function. Hence with the choices (I11.6.6),

[(Veo®) - Gupsy =N (8) * Vil 1y < [VV + Vw x pyyo | o @0 @] 1 V0]l
A va + Vuw * p'yb(t)HLoo ||d2w||Loo va@(t)”Loc

1
+C (1 + ’SUPP(SD)D va(t) ’ VLU)(J} N .)le,oo ||V T wx* p’Yb(t)”WzL,oo N
i )
and Vte R,
[Ve(t) - Viw(@ = o) || e <l e lwllyze
le@llwre < ll@llpnre
hence
[(Ve(2) - 205=" (1)) * Vo) o < Clp, Vi) (IIL.6.14)
With (I11.6.11), (I11.6.12), (II1.6.14) we conclude that
| (Va0 - 0505) * V3w 10 < Clio, V) (I11.6.15)
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Step 4: Conclusion

With the choices (I11.6.6), by (I11.6.3),

1
f goGYROp%(,oii’gN)dtdz < Clp, VW) ———— (I11.6.16)
Lo In (")
+ X

With (I11.6.9), since ¢(0) € C (R?),

J@(O)(Po — p2o=N(0)) — 0 (I11.6.17)

b—0
R2

Using (I11.6.11), similarly as for (II1.6.4) we have

1
[ oo™ (e ) e VHu| < O Vi) ——— (1)
R, xR2 In (lb )

Using (I11.6.15) and (I11.6.8) for n large enough so supp(y¢) < €,

(p5=" = p) (Vatp - p0=Y) x Viw

R xR?2
<[lp- pi?gNHWfl,l(Qn) [(Vap - p3y=") + VLwHWm 0 (II1.6.19)
And since GYRO,(p) € C? (R x R?), (IIL.6.7) gives
J (p2o=N — p) GYRO, () =0 (I11.6.20)

R+><R2

Hence the five terms in (II1.6.10) converge to 0 respectively because of (I11.6.16), (I11.6.17),
(I11.6.18), (I11.6.19), (II1.6.20) hence the conclusion

J@(O)Po = f pGYRO,(¢) = 0

R2 R4 xR2
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